Equivariant Euler characteristics of the symplectic building by Møller, Jesper Michael
EQUIVARIANT EULER CHARACTERISTICS OF THE SYMPLECTIC BUILDING
JESPER M. MØLLER
Abstract. The equivariant Euler characteristics of the buildings for the symplectic groups over finite fields are
determined.
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1. Introduction
For a prime power q, Sp2n(Fq), the isometry group of the symplectic 2n-geometry, acts on the poset L
∗
2n(Fq) =
{0 ( U ( F2nq | U ⊆ U⊥} of nonzero totally isotropic subspaces.
Definition 1.1. [2] The rth, r ≥ 1, equivariant reduced Euler characteristic of the Sp2n(Fq)-poset L∗2n(Fq) is the
normalized sum
χ˜r(Sp2n(Fq)) =
1
|Sp2n(Fq)|
∑
X∈Hom(Zr,Sp2n(Fq))
χ˜(CL∗2n(Fq)(X(Z
r)))
of the Euler characteristics of the induced subposets CL∗2n(Fq)(X(Z
r)) of X(Zr)-invariant subspaces as X ranges
over all homomorphisms of the free abelian group Zr on r generators into the symplectic group.
The generating function for the negative of the rth equivariant reduced Euler characteristic is the power series
(1.2) FSpr(q, x) = 1−
∑
n≥1
χ˜r(Sp2n(Fq))x
n
with coefficients in the ring Z[q] of integral polynomials in q.
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2 JESPER M. MØLLER
Theorem 1.3. FSp1(q, x) = 1 and FSpr+1(q, x) =
∏
0≤j≤r
j 6≡r mod 2
(1− qjx)−(rj) for all r ≥ 1.
The first generating functions FSpr+1(q, x) for 0 ≤ r ≤ 5 are
1,
1
1− x,
1
(1− qx)2 .
1
(1− x)(1− q2x)3 ,
1
(1− qx)4(1− q3x)4 ,
1
(1− x)(1− q2x)10(1− q4x)5
With r = 3, for instance, we have
−χ˜4(Spn(Fq)) =

3q2 + 1 n = 1
6q4 + 3q2 + 1 n = 2
10q6 + 6q4 + 3q2 + 1 n = 3
for small values of n.
Regarding q not as the variable in the polynomial ring Z[q] but as a fixed prime power, the generating function
can be expressed in the following alternative way.
Corollary 1.4. FSpr+1(q, x) =
exp
(∑
n≥1
(qn + 1)r
xn
2n
)
exp
(∑
n≥1
(qn − 1)r x
n
2n
) for all r ≥ 0.
Section 5 discusses, for a prime p, the p-primary equivariant reduced Euler characteristics χ˜pr(L
∗
2n(Fq),Spn(Fq))
(Definition 5.1) of the Sp2n(Fq)-poset L
∗
2n(Fq). The rth p-primary generating function at q is the power series
FSpr(p, q, x) of the negative of the p-primary equivariant reduced Euler characteristics as defined in Equation (5.3).
Theorem 1.5. FSpr+1(p, q, x) =
exp
(∑
n≥1
(qn + 1)rp
xn
2n
)
exp
(∑
n≥1
(qn − 1)rp
xn
2n
) for all r ≥ 0.
The infinite product expansions of the generating functions
FSpr+1(q, x) =
∏
n≥1
(1− xn)cr+1(q,n) cr+1(q, n) = 1
2n
∑
d|n
µ(n).((q
d − 1)r − (qd + 1)r)
FSpr+1(p, q, x) =
∏
n≥1
(1− xn)cr+1(p,q,n) cr+1(p, q, n) = 1
2n
∑
d|n
µ(n).((q
d − 1)rp − (qd + 1)rp)
follow immediately from the elementary [16, Lemma 5.30].
Section 6 deals with polynomial identities for partitions. To give an example, let SRIM−n (q) ∈ Q[q] count the
number of degree 2n self-reciprocal irreducible monic polynomials in Fq[x] (Definition 3.7, Figure 1). According to
Theorem 6.13, ∑
λ`n
∏
d∈B(λ)
∑
1≤i≤E(λ,d)
2i
(
E(λ, d)− 1
E(λ, d)− i
)(
SRIM−d (q)
i
)
=
{
qn − qn−1 q odd
qn q even
where the sum ranges over all partitions λ of n, B(λ) is underlying set of λ, and E(λ, d) the multiplicity of d ∈ B(λ)
in λ.
The following notation will be used in this paper:
p is a prime number
νp(n) is the p-adic valuation of n
np is the p-part of the natural number n (np = p
νp(n))
Zp is the ring of p-adic integers
q is a prime power
Fq is the finite field with q elements
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2. The symplectic group Sp2n(Fq)
Let q be a prime power and n ≥ 1 a natural number. The symplectic 2n-geometry is the vector space V2n(Fq) =
F2nq of dimension 2n over the field Fq equipped with the nondegenerate [1, Definition 3.1] alternating (〈u, v〉 =
−〈v, u〉) bilinear form given by
(2.1) 〈u, v〉 = uJvt =
∑
uiv−i −
∑
u−ivi, J =
(
0 E
−E 0
)
, u, v ∈ V2n(Fq)
for all u = (u1, . . . , un, u−1, . . . , u−n), v = (v1, . . . , vn, v−1, . . . , v−n) ∈ V2n(Fq). The symplectic 2n-geometry is the
orthogonal direct sum, 〈e1, e−1〉 ⊥ · · · ⊥ 〈en, e−n〉, of the n hyperbolic planes 〈ei, e−i〉, 1 ≤ i ≤ n [1, Theorem 3.7].
The symplectic group Sp2n(Fq) = {g ∈ GL+n (Fq) | gJgt = J} is the group of all automorphisms of the symplectic
2n-geometry [6, §2.7]. The center of Sp2n(Fq) is trivial if q is even and of order 2 if q is odd [1, Theorem 5.2].
A subspace U of the symplectic geometry (V2n(Fq), 〈·, ·〉) is totally isotropic if 〈U,U〉 = 0. The symplectic group
acts on the poset L∗2n(Fq) of all nontrivial totally isotropic subspaces. Since all vectors are isotropic, 〈u, u〉 = 0, all
1-dimensional subspaces are in L∗2n(Fq) (and L
∗
2(Fq) is simply the set of 1-dimensional subspaces of V2(Fq)).
When the prime power q is even, Sp2n(Fq)
∼= SO2n+1(Fq) [6, Theorem 2.2.10].
3. Characteristic polynomials of symplectic automorphisms
Definition 3.1. [12, Definition 3.12] The reciprocal of a degree n polynomial p(x) = a0x
n+a1x
n−1+· · ·+an−1x+an
over Fq with nonzero constant term is the degree n polynomial p
∗(x) = a0+a1x+· · ·+an−1xn−1+anxn = xnp(x−1).
The polynomial p is self-reciprocal if p∗ = p.
The operation p(x)→ p∗(x) is involutory, multiplicative, and divisibility respecting (p∗∗(x) = p(x), (p1(x)p2(x))∗ =
p∗1(x)p
∗
2(x), p1 | p2 =⇒ p∗1 | p∗2) on the set of polynomials p(x) ∈ Fq[x] with p(0) 6= 0. The multisets of roots
for a polynomial and its reciprocal correspond under the inversion map F¯×q → F¯×q : α → α−1. The polynomial
p(x) = a0x
n + a1x
n−1 + · · · + an−1x + an is self-reciprocal if and only it has a palindromic coefficient sequence,
ai = an−i, 0 ≤ i ≤ n.
Proposition 3.2. The characteristic polynomial of a symplectic automorphism g ∈ Sp2n(Fq) is a self-reciprocal
monic polynomial.
Proof. Observe that
(3.3) ∀u, v ∈ V : 〈up(g), v〉 = 〈ugn, vp∗(g)〉
when g is a symplectic automorphism of V and p(x) a monic polynomial of degree n. Now proceed as in [17, Lemma
3.5]. 
Conversely, any self-reciprocal polynomial is the characteristic polynomial for a symplectic automorphism [19,
Theorem A.1].
Proposition 3.4. The number of self-reciprocal monic polynomials of even degree 2n is qn.
Proof. Self-reciprocal monic polynomials of degree 2n have palindromic coefficients. 
Lemma 3.5. The transformation r(x) → r∗(x)/r(0) is an involution on the set of irreducible monic polynomials
r(x) ∈ Fq[x] with r(0) 6= 0.
The irreducible monic polynomial r(x) with r(0) 6= 0 is fixed under this involution, when deg r = 1, if and only
if r(x) = x± 1, and when deg r > 1, if and only if r(x) has even degree, r(0) = 1, and r(x) is self-reciprocal.
Proof. If r(x) has degree at least 2, the degree of r must be even, since the set of roots in the algebraic closure
is invariant under inversion F¯×q → F¯×q : α → α−1 and the fixed points, ±1, are not roots of r(x). The relation
r(0)r(x) = r∗(x) = xdeg rr(1/x) evaluated at x = −1 gives r(0) = 1. Thus r(x) = r∗(x) and r(x) is self-
reciprocal. 
Proposition 3.6. Let p(x) be a self-reciprocal monic polynomial. The canonical factorization [12, Theorem 1.59]
of p(x) has the form
p(x) =

(x− 1)a− × (x+ 1)a+ ×
∏
i
r−i (x)
m−i ×
∏
j
(sj(x)s
∗
j (x)/sj(0))
m+j q odd
(x+ 1)a+ ×
∏
i
ri(x)
m−i ×
∏
j
(sj(x)s
∗
j (x)/sj(0))
m+j q even
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where
deg p =
{
a− + a+ +
∑
im
−
i deg ri + 2
∑
jm
+
j deg sj q odd
a+ +
∑
im
−
i deg ri + 2
∑
jm
+
j deg sj q even
and a−, a+,m−i ,m
+
j ≥ 0, a− is even, the r−i (x) are self-reciprocal irreducible monic polynomials of even degree at
least 2, and the sj(x) are non-self-reciprocal irreducible monic polynomials distinct from x − 1. Conversely, any
polynomial with a canonical factorization of this form is a self-reciprocal monic polynomial.
Proof. Let p(x) =
∏
ri(x)
ei be the canonical factorization. Since p(x) is monic and self-reciprocal, p(0) = 1, and
p(x) = p∗(x) = p∗(x)/p(0) =
∏
(r∗i (x)/ri(0))
ei where r∗i (x)/ri(0) are irreducible monic polynomials [18, Remark
2.1.49]. Thus the multiset of the irreducible factors of p(x) is invariant under the involution r(x) ←→ r∗(x)/r(0).
Group the irreducible factors into those fixed by this involution and pairs interchanged by it. An irreducible factor
of degree ≥ 2 is fixed by the involution if and only if it self-reciprocal according to Lemma 3.5. Any irreducible
linear factor, which has the form x − α for some α ∈ F×q , is fixed by the involution if and only if α = ±1 (α = 1
when q is even). Thus p(x) has a canonical factorization of the form shown in the proposition. When q is odd, the
multiplicity, a−, of the factor x− 1 is even because 1 = p(0) = (−1)a− .
Conversely, if p(x) has a factorization as in the proposition, then (x−1)a− is self-reciprocal as a− is even, and as
also the other factors, x+ 1, r−i (x), sj(x)s
∗
j (x)/sj(0), are self-reciprocal, the polynomial p(x) is self-reciprocal. 
All factors on the right hand side of the formula of Proposition 3.6 are self-reciprocal. The exponent a− is even
while a+ has the same parity as the degree of p.
Definition 3.7. [18, Definition 2.1.23, Remark 3.1.19] For every integer n ≥ 1
• IMn(q) is the number of Irreducible Monic polynomials p(x) of degree n over Fq with p(0) 6= 0
• SRIM−n (q) is the number of Self-Reciprocal Irreducible Monic polynomials p(x) of even degree 2n over Fq
• SRIM+n (q) is the number of unordered pairs {p(x), p∗(x)/p(0)} of irreducible monic polynomials p(x) of
degree n over Fq with p(0) 6= 0 and p(x) 6= p∗(x)/p(0)
For any n ≥ 1 [18, Theorem 2.1.24, Theorem 3.1.20] [13, Theorem 3]
(3.8) IMn(q) =
1
n
∑
d|n
µ(d)(qn/d − 1) SRIM−n (q) =

1
2n
∑
d|n
d≡1 mod 2
µ(d)(qn/d − 1) q odd
1
2n
∑
d|n
d≡1 mod 2
µ(d)qn/d q even
and we have
(3.9) IMn(q) =
{
2 SRIM+n (q) n > 1 odd
2 SRIM+n (q) + SRIM
−
n/2(q) n > 1 even
In degree n = 1, in particular, IM1(q) = q − 1 and
SRIM+1 (q) =
{
1
2 (q − 3) q odd
1
2 (q − 2) q even
For odd q, the 12 (q − 3) unordered pairs are the pairs {x − α, x − α−1} with α ∈ F∗q − {−1,+1}. For even q, the
1
2 (q − 2) unordered pairs are the pairs {x− α, x− α−1} with α ∈ F∗q − {1}.
Lemma 3.10. Let m ≥ 1 and k ≥ 0. Then 2k SRIM−
2km
(q) = SRIM−m(q
2k) for all prime powers q. When m is odd,
2k+1 SRIM−
2km
(q)
q odd
= IMm(q
2k) 2k+1 SRIM−
2km
(q)
q even
=
{
IM1(q) + 1 m = 1
IMm(q
2k) m > 1
Proof for odd q. When computing SRIM−
2km
(q) from formula (3.8), only divisors of m matter so
2k SRIM−
2km
(q) =
1
2m
∑
d|m
µ(d)(q2
km/d − 1) = SRIM−m(q2
k
)
Assuming m is odd, SRIM−m(q) =
1
2 IMm(q), so 2
k SRIM−
2km
(q) = SRIM−m(q
2k) = 12 IMm(q
2k). 
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n = 1 n = 2 n = 3 n = 4 n = 5 n = 6 n = 7
SRIM−n (q)
1
2 (q − 1) 14 (q2 − 1) 16 (q3 − q) 18 (q4 − 1) 110 (q5 − q) 112 (q6 − q2) 114 (q7 − q)
SRIM+n (q)
1
2 (q − 3) 14 (q2 − 2q + 1) 16 (q3 − q) 18 (q4 − 2q2 + 1) 110 (q5 − q) 112 (q6 − 2q3 − q2 + 2q) 114 (q7 − q)
Figure 1. The polynomials SRIM±n (q) for odd q
Lemma 3.11. For all n ≥ 1,
IMn(q)
q odd
=
{
2 SRIM−n (q) n odd
2 SRIM−n (q)− SRIM−n/2(q) n even
IMn(q)
q even
=

2 SRIM−1 (q)− 1 n = 1
2 SRIM−n (q) n > 1 odd
2 SRIM−n (q)− SRIM−n/2(q) n even
Proof for odd q. Let m ≥ 1 be odd. By Lemma 3.10, IMm(q) = 2 SRIM−m(q) and
IM2km(q) =
1
2km
(∑
d|m
µ(d)(q2
km/d − 1)−
∑
d|m
µ(d)(q2
k−1m/d − 1)) = 1
2k
(
IMm(q
2k)− IMm(q2k−1)
)
Lemma 3.10
= 2 SRIM−
2km
(q)− SRIM−
2k−1m(q)
for k ≥ 1. 
Lemma 3.12. For all n ≥ 1,
SRIM−n (q) + SRIM
+
n (q)
q odd
=
{
IM1(q)− 1 n = 1
IMn(q) n > 1
SRIM−n (q) + SRIM
+
n (q)
q even
= IMn(q), n ≥ 1
Proof. Assume the prime power q is odd. If n = 1 then IM1(q) = q−1, SRIM−1 (q) = 12 (q−1), and SRIM+1 (q) = 12 (q−
3) so that indeed SRIM−1 (q)+SRIM
+
1 (q) = q−2 = IM1(q)−1. For odd m > 1, SRIM−m(q) = 12 IMm(q) = SRIM+m(q)
so that clearly SRIM−m(q) + SRIM
+
m(q) = IMm(q). For odd m ≥ 1 and k ≥ 1,
SRIM−
2km
(q) + SRIM+
2km
(q)
(3.8)
= SRIM−
2km
(q) +
1
2
(
IM2km(q)− SRIM−2k−1m(q)
)
=
1
2
(
2 SRIM−
2km
(q)− SRIM−
2k−1m(q)
)
+
1
2
IM2km(q)
Lemma 3.11
=
1
2
IM2km(q) +
1
2
IM2km(q) = IM2km(q)
This finishes the proof for odd q.
Assume that q is an even prime power. In degree 1, SRIM−1 (q) + SRIM
+
1 (q) =
1
2q+
1
2q− 1 = q− 1 = IM1(q). For
odd m > 1, SRIM−m(q) =
1
2 IMm(q) = SRIM
+
m(q) by Lemma 3.10 so SRIM
−
m(q) + SRIM
+
m(q) = IMm(q). For odd
m ≥ 1 and any k ≥ 1, we can again use Lemma 3.11 and it follows, as for odd q, that SRIM−
2km
(q) + SRIM−
2km
(q) =
IM2km(q). 
4. Proofs of Theorem 1.3 and Corollary 1.4
We recursively compute the generating functions FSpr(x)(q), r ≥ 1, of Theorem 1.3.
Lemma 4.1. −χ˜1(Sp2n(Fq)) = 0 for all n ≥ 1.
Proof. The first equivariant reduced Euler characteristic is the usual reduced Euler characteristic of the orbit
space |L∗2n(Fq)|/ Sp2n(Fq) for the action of Sp2n(Fq) on its building [14, Proposition 2.13]. Webb’s theorem [28,
Proposition 8.2.(i)] says that the reduced Euler characteristic of this orbit space equals 0. 
Lemma 4.2. χ˜r(CL∗2n(Fq)(g), CSp2n(Fq)(g))) = 0 for all r ≥ 1 unless the order of g ∈ Sp2n(Fq) is prime to q.
Proof. Suppose q is a power of the prime p. Let g be an element of Sp2n(Fq) whose order is divisible by p.
For any abelian subgroup A of CSp2n(Fq)(g), the centralizer of A in CL∗2n(Fq)(g) equals the centralizer of 〈A, g〉 in
L∗2n(Fq). But CL∗2n(Fq)(〈A, g〉) is contractible by the argument of [28, §4] since Op(〈A, g〉) is nontrivial. In particular,
χ˜(CL∗2n(Fq)(〈A, g〉)) = 0. This shows that χ˜r(CL∗2n(Fq)(g), CSp2n(Fq)(g))) = 0 for all r ≥ 1. 
Lemma 4.3. For n ≥ 1 and r ≥ 1, the (r + 1)th equivariant Euler characteristic of the Sp2n(Fq)-poset L∗2n(Fq) is
χ˜r+1(Sp2n(Fq)) =
∑
[g]∈[Sp2n(Fq)]
gcd(()q,|g|)=1
χ˜r(CL∗2n(Fq)(g), CSp2n(Fq)(g))
where the sum ranges over semisimple conjugacy classes in Sp2n(Fq).
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Proof. This is a special case of a general formula for equivariant Euler characteristics [14, Proposition 2.9]. By
Lemma 4.2, we need only the conjugacy classes of order prime to p. 
The centralizer of the semisimple element g of Sp2n(Fq) with characteristic polynomial as in Proposition 3.6 is
[4] [24, (3.3)]
(4.4) CSp2n(Fq)(g) = Spa−(Fq)× Spa+(Fq)×
∏
i
GL−
m−i
(F
q
1
2
d
−
i
)×
∏
j
GL+
m+j
(Fqdj )
and the contribution, −χ˜r(CL2n(Fq)∗(g), CSp2n(Fq)(g)), to the sum −χ˜r+1(Sp2n(Fq)) of Lemma 4.3 from g is
−χ˜r(Spa−(Fq))×−χ˜r(Spa+(Fq))×
∏
i
−χ˜r(GL−m−i (Fq 12 d−i ))×
∏
j
χ˜r(GL
+
m+j
(Fqdj ))
with a sign change similar to that of [17, Lemma 4.3]. The characteristic polynomial induces a bijection between
the set of semisimple classes in Sp2n(Fq) and the set of self-reciprocal polynomials of degree 2n [24, §3.1] [26]. We
conclude from these facts that −χ˜r+1(Sp2n(Fq)) equals∑
(a−,a+,λ−,λ+)
(−χ˜r(Sp2a−(Fq)))(−χ˜r(Sp2a+(Fq)))×
∏
d−
∃m− : (m−,d−)e(m−,d−)∈λ−
(
SRIM−d−(q)
[e(m−, d−) : (m−, d−)e(m−,d−) ∈ λ−]
) ∏
(m−,d−)e(m−,d−)∈λ−
−χ˜r(GL−m−(Fq 12 d− ))
e(m−,d−)×
∏
d+
∃m+ : (m+,d+)e(m+,d+)∈λ+
(
SRIM+d+(q)
[e(m+, d+) : (m+, d+)e(m+,d+) ∈ λ+]
) ∏
(m+,d+)e(m+,d+)∈λ+
χ˜r(GL
+
m+(Fqd+ ))
e(m+,d+)
where the sum runs over all (a−, a+, λ−, λ+) where a± are positive integers, λ± = {(m±i , d±i )e
±
i } are multisets of
pairs of positive integers such that a− + a+ +
∑
m−i d
−
i e
−
i +
∑
m+j d
+
j e
+
j = n and the d
−
i are even.
The above recurrence uses multinomial coefficients as defined below.
Definition 4.5. For a rational polynomial m ∈ Q[q] and k1, . . . , ks ≥ 0 a finite sequence of nonnegative integers,
define the multinomial coefficients to be(
m
k1, . . . , ks
)
=
m(m− 1) · · · (m+ 1−∑ ki)
k1! · · · ks! =
{
m!
k1!···ks!·(m−
∑
ki)!
∑
ki ≤ m
0
∑
ki > m(
m
−k1, . . . ,−ks
)
= (−1)k1+···+ks
(
m
k1, . . . , ks
)
( −m
−k1, . . . ,−ks
)
=
m(m+ 1) · · · (m− 1 +∑ ki)
k1! · · · ks! =
(
m− 1 +∑ ki
k1, . . . , ks
)
Equation (4.8) below uses TS-transformed generating functions (Definition 4.7) to succinctly express the recur-
rence relation for χ˜r+1(Sp2n(Fq)).
Definition 4.6. Mn = {λ}, n ≥ 0, is the set of all multisets of pairs of natural numbers
λ = (m1, d1)
e(m1,d1) · · · (mn, dn)e(mn,dn)
with
∑
imidie(mi, di) = n.
The first of the sets Mn are
M0 = ∅, M1 = {{(1, 1)}}, M2 = {{(1, 2)}, {(2, 1)}, {(1, 1)2}
M3 = {{(1, 3)}, {(3, 1)}, {(1, 1), (1, 2)}, {(1, 1), (2, 1)}, {(1, 1)3}}
M4 = {{(1, 1), (1, 3)}, {(1, 1)4}, {(1, 4)}, {(1, 1), (3, 1)}, {(1, 1)2, (1, 2)}, {(1, 2)2},
{(2, 1)2}, {(2, 2)}, {(1, 1)2, (2, 1)}, {(1, 2), (2, 1)}, {(4, 1)}}
Let S = (S(n))n≥1 and a = (a(n))n≥1 by sequences of integral polynomials S(n), a(n) ∈ Z[q]. (In the definition
below we take the liberty of freely using general terminology for multisets defined Subsection 6.1).
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Definition 4.7. [16, Definition 3.1] The S-transform of a, TS(a), is the polynomial sequence with
TS(a)(n)(q) =
∑
λ∈Mn
∏
{d|∃m : (m,d)∈B(λ)}
(
S(d)(q)
[E(λ, (m, d)) : (m, d) ∈ B(λ)]
) ∏
(m,d)∈B(λ)
a(m)(qd)E(λ,(m,d))
as its nth term for every n ≥ 1.
We can now express the content of Lemma 4.3 by the recurrence
(4.8) FSpr+1(x) =
{
FSpr(x)
2TSRIM−(q)(FGL
−
r (x))TSRIM+(q)(FGL
+
r (x)) q odd
FSpr(x)TSRIM−(q)(FGL
−
r (x))TSRIM+(q)(FGL
+
r (x)) q even
(r ≥ 1)
where the generating functions FGL±r (x) of [16, (1.3)] and [17, (1.2)] have been transformed relative to the polyno-
mial sequences (SRIM±d (q))d≥1. We now start the computation of the product of these two transformed generating
functions. First, a well-known lemma:
Lemma 4.9. [27, p 258] TIM(q)(1− x) = 1− qx
1− x .
Proof. The IM(q)-tramsform of 1− x is
TIM(q)(1− x) [16, (3.2)]=
∏
n≥1
(1− xn)IMn(q) [16, Lemma 5.30]= exp (∑
n≥1
(1− qn)xn/n) = 1− qx
1− x
where we use the Mo¨bius inverse, qn − 1 = ∑d|n IMd(q), of the left equation of (3.8). 
Lemma 4.10. TSRIM−(q)(1−x)TSRIM+(q)(1−x) =
{
1−qx
(1−x)2 q odd
1−qx
1−x q even
and TSRIM−(q)(1+x)TSRIM+(q)(1−x) =
1
1− x .
Proof. Thanks to the identity of Lemma 4.9 it is easy to determine
TSRIM−(q)(1−x)TSRIM+(q)(1−x) = TSRIM−(q)+SRIM+(q)(1−x) Lemma 3.12=
{
(1− x)−1TIM(q)(1− x) = 1−qx(1−x)2 q odd
TIM(q)(1− x) = 1−qx1−x q even
Observe that
(4.11) TSRIM−(q)
(1− x
1 + x
)
=
{
(1− qx)(1− x)−1 q odd
1− qx q even
because, as 1 + x = 1−x
2
1−x ,
TSRIM−(q)
(1− x
1 + x
)
=
TSRIM−(q)(1− x)2
TSRIM−(q)(1− x2)
=
∏
m(1− xm)2 SRIM
−
m(q)∏
m(1− x2m)SRIM
−
m(q)
=
∏
2-m
(1−xm)2 SRIM−m(q)×
∏
2|m
(1−xm)2 SRIM−m(q)−SRIM−m/2(q) Lemma 3.11=
{
TIM(q)(1− x) = (1− x)−1(1− qx) q odd
(1− x)TIM(q)(1− x) = 1− qx q even
Therefore
TSRIM−(q)(1 + x)TSRIM+(q)(1− x) = TSRIM−(q)
(1 + x
1− x
)
TSRIM−(q)(1− x)TSRIM+(q)(1− x) =
1
1− x
for all prime powers q. 
From recurrence (4.8) and Lemma 4.10, we get that the second generating function is
FSp2(x) = TSRIM−(q)(FGL
−
1 (x))TSRIM+(q)(FGL
+
1 (x)) = TSRIM−(q)(1 + x)TSRIM+(q)(1− x) =
1
1− x
as the first generating function is FSp1(x) = 1 by Lemma 4.1.
Lemma 4.12. For all r ≥ 1
TSRIM−(q)(FGL
−
r+1(x))TSRIM+(q)(FGL
+
r+1(x))
∏
0≤j≤r+1
j≡r mod 2
(1− qjx)(r+1j ) =

∏
0≤j≤r
j 6≡r mod 2
(1− qjx)2(rj) q odd
∏
0≤j≤r
j 6≡r mod 2
(1− qjx)(rj) q even
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Proof. With the formulas for FGL±r+1(x) from [16, Theorem 1.4] and [17, Theorem 1.3] as input we compute for
odd q that
TSRIM−(q)(FGL
−
r+1(x))TSRIM+(q)(FGL
+
r+1(x)) =∏
0≤j≤r
j≡r mod 2
TSRIM−(q)(1 + q
jx)(
r
j)
∏
0≤j≤r
j 6≡r mod 2
TSRIM−(q)(1− qjx)(
r
j)
∏
0≤j≤r
j≡r mod 2
TSRIM+(q)(1− qjx)(
r
j)
∏
0≤j≤r
j 6≡r mod 2
TSRIM+(q)(1− qjx)(
r
j)
=
∏
0≤j≤r
j 6≡r mod 2
(1− qjx)2(rj)
∏
0≤j≤r
j 6≡r mod 2
(1− qj+1x)(rj)
∏
0≤j≤r
j≡r mod 2
(1− qjx)(rj)
=
∏
0≤j≤r
j 6≡r mod 2
(1− qjx)2(rj)
∏
0≤j≤r+1
j≡r mod 2
(1− qjx)(r+1j )
by using properties of the TSRIM±(q)-transform [16, Chp 3] and Lemma 4.10. When q is even, the computations are
essentially identical. 
Proof of Theorem 1.3. The formula of Theorem 1.3 is the solution to the recurrence (4.8) given the result of
Lemma 4.12. 
Proof of Corollary 1.4. The logarithm of the (r + 1)th generating function FSpr+1(q, x) is∑
0≤j≤r
j 6≡r mod 2
−
(
r
j
)
log(1− qjx) =
∑
0≤j≤r
j 6≡r mod 2
(
r
j
)∑
n≥1
(qjx)n
n
=
∑
n≥1
∑
0≤j≤r
j 6≡r mod 2
2
(
r
j
)
qnj
xn
2n
=
∑
n≥1
((qn + 1)r − (qn− 1)r)x
n
2n

The binomial formula applied to right hand side of Theorem 1.3 gives the more direct expression
(4.13) − χ˜r+1(Sp2n(Fq)) =
∑
n0+···+nr=n
j≡r mod 2 =⇒ nj=0
∏
0≤j≤r
(−1)nj
(−(rj)
nj
)
qjnj (r ≥ 1)
where the sum ranges over all the
(
n+b 12 (r−1)c
n
)
weak compositions n0 + · · ·+nr of n into r+ 1 parts [20, p 15] with
nj = 0 for all j ≡ r mod 2.
Elementary properties of the binomial coefficients imply that the generating functions satisfy the recurrence
FSp1(q, x) = 1 and
FSpr+1(q, x) =
FSpr(q, qx)
1− qr−1x
∏
1≤j≤r−1
FSpr−j(q, q
j−1x)
for all r ≥ 1.
Remark 4.14. The (non-blockwise form of the) Kno¨rr–Robinson conjecture [11] [23, §3] [14, §5] for the group
Sp2n(Fq) relative to the characteristic s of Fq states that
−χ˜2(Sp2n(Fq)) = zs(Sp2n(Fq))
where zs(Sp2n(Fq)) = |{χ ∈ IrrC(Sp2n(Fq)) | |Sp2n(Fq)|s = χ(1)s}| is the number of irreducible complex repre-
sentations of Sp2n(Fq) of s-defect 0. As FSp2(q, x) = (1 − x)−1 = 1 + x + x2 + · · · , the left side is 1 and so is
the right side [9, Remark p 69]. This confirms the Kno¨rr–Robinson conjecture for Sp2n(Fq) relative to the defining
characteristic.
4.1. An alternative presentation of the equivariant reduced Euler characteristics. In this section we
expand the equivariant reduced Euler characteristics after the variable r rather than the variable n as in (1.2). This
means that we shall consider the power series
(4.15) GSp2n(q, x) =
∑
r≥0
−χ˜r+1(Sp2n(Fq))xr
over the polynomial ring Z[q].
The following lemma generalizes [16, Lemma 5.30] slightly and the easy proof is similar.
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Lemma 4.16. Let (a+n )n≥1, (a
−
n )n≥1, (bn)n≥1, and (cn)n≥1 be integer sequences such that∏
n≥1
(1− xn)−bn = exp
(∑
n≥1 a
+
n
xn
n
)
exp
(∑
n≥1 a
−
n
xn
n
) = 1 +∑
n≥1
cnx
n
Then
a+n − a−n =
∑
d|n
dbd, nbn =
∑
d|n
µ(n/d)(a+d − a−d ), ncn =
∑
1≤j≤n
(a+j − a−j )cn−j
where µ is the number theoretic Mo¨bius function [10, Chp 2, §2] and it is understood that c0 = 1.
Proof. The first identity is clear as
exp
(∑
n≥1 a
+
n
xn
n
)
exp
(∑
n≥1 a
−
n
xn
n
) = ∏n≥1(1− xn)−b+n∏
n≥1(1− xn)−b
−
n
where a±n =
∑
d|n db
±
d by [16, Lemma 5.30]. Then −bn = −b+n + b−n and
∑
d|n dbd =
∑
d|n(db
+
d − db−d ) = a+n − a−n .
Apply the operator x ddx to the identity
exp
(∑
n≥1
a+n
xn
n
)
= (1 +
∑
n≥1
cnx
n) exp
(∑
n≥1
a−n
xn
n
)
and get
exp
(∑
n≥1
a+n
xn
n
)(∑
n≥1
anx
n
)
=
(∑
n≥1
ncnx
n
)
exp
(∑
n≥1
a−n x
n
)
+
(
1 +
∑
n≥1
cnx
n
)
exp
(∑
n≥1
a−n x
n
)(∑
n≥1
a−n x
n
)
or, equivalently, (
1 +
∑
n≥1
cnx
n
)(∑
n≥1
anx
n
)
=
∑
n≥1
ncnx
n +
(
1 +
∑
n≥1
cnx
n
)(∑
n≥1
a−n x
n
)
The third identity of the lemma follows by comparing coefficients of xn in this equality of power series. 
Theorem 1.4 and the lemma above show that
2n(−χ˜r+1(Sp2n(Fq))) =
∑
1≤j≤n
(qj + 1)r(−χ˜r+1(Sp2n−2j(Fq)))−
∑
1≤j≤n
(qj − 1)r(−χ˜r+1(Sp2n−2j(Fq)))
for all n ≥ 1 and r ≥ 0. (With the convention that −χ˜r+1(Sp0(Fq)) = 1 for all r ≥ 0 and all prime powers q, this
identity holds also for n = 1.) Using the power series (4.15), we rewrite this recurrence relation in the more succinct
form
(4.17) 2nGSp2n(q, x) =
∑
1≤j≤n
GSp2(n−j)(q, (q
j + 1)x)−
∑
1≤j≤n
GSp2(n−j)(q, (q
j − 1)x) (n ≥ 1)
with initial condition GSp0(q, x) =
1
1−x . The solution is
GSp2n(q, x) =
∑
[i1,...,it]
1
2tn(n− i1) · · · (n− (i1 + · · · it−1))
∑
ε∈{−1,+1}t
ε1 · · · εt
1− (qi1 + ε1) · · · (qit + εt)x
where the sum on the right ranges over all the 2n−1 ordered partitions [i1, . . . , it] of n. It is possible to write this
power series in a perhaps more accessible form.
Let λ be a multiset that partitions the integer n (see Subsection 6.1 for multiset terminology). Then
T (λ) =
n!∏
b∈B(λ)E(λ, b)!bE(λ,b)
is the length of the cycle type λ conjugacy class in the symmetric group Σn (where n =
∑
b∈B(λ) bE(λ, b)).
Let [λ] denote λ presented as a nonincreasing finite integer sequence i1 ≥ i2 ≥ · · · ≥ ir(λ), ij ≥ 1,
∑
ij = n. A
sign function on λ is a function ε : [λ]→ {−1,+1} attaching a sign to each element of the sequence [λ]; {−1,+1}[λ]
is the set of all sign functions on λ. For each sign function ε ∈ {−1,+1}[λ] on λ, consider the polynomial
U(λ, ε, q) =
∏
i∈[λ]
qi + ε(i)
in Z[q]. Also, let
∏
ε =
∏
i∈[λ] ε(i) be the product of all the values of the sign function ε on [λ].
By grouping together all the ordered partitions of n belonging to the same (unordered) partition we arrive at
the following expression for the generating function GSp2n(q, x).
10 JESPER M. MØLLER
Proposition 4.18. For any fixed integer n ≥ 1,
GSp2n(q, x) =
1
n!
∑
λ`n
T (λ)
2r(λ)
∑
ε∈{−1,+1}[λ]
∏
ε
1− U(λ, ε, q)x
where the outer sum ranges over all partitions λ of n.
The first few cases of the generating functions GSp2n(q, x) of Proposition 4.18 are
0! GSp0(q, x) =
1
1− x =
∑
r≥0
xr
1! GSp2(q, x) =
1
2
( 1
1− (q + 1)x +
−1
1− (q − 1)x
)
=
1
2
∑
r≥0
((q + 1)r − (q − 1)r)xr
2! GSp4(q, x) =
1
2
( 1
1− (q2 + 1)x +
−1
1− (q2 − 1)x
)
+
1
4
( 1
1− (q + 1)2x +
−2
1− (q2 − 1)x +
1
1− (q − 1)2x
)
3! GSp6(q, x) =
2
2
( 1
1− (q3 + 1)x +
−1
1− (q3 − 1)x
)
+
3
4
( 1
1− (q2 + 1)(q + 1)x +
−1
1− (q2 + 1)(q − 1)x +
−1
1− (q2 − 1)(q − 1)x +
1
1− (q2 − 1)(q − 1)x
)
+
1
8
( 1
1− (q + 1)3x +
−3
1− (q + 1)2(q − 1)x +
3
1− (q + 1)(q − 1)2x +
−1
1− (q − 1)3x
)
The polynomial identity∑
n0+···+nr=n
j≡r mod 2 =⇒ nj=0
∏
0≤j≤r
(−1)nj
(−(rj)
nj
)
qjnj = −χ˜r+1(Sp2n(Fq)) =
1
n!
∑
λ`n
T (λ)
2r(λ)
∑
ε∈{−1,+1}[λ]
∏
ε
∏
i∈[λ]
(qi + ε(i))r
expresses that the coefficient of xr in GSpn(q, x) and the coefficient of x
n in FSpr+1(q, x) (4.13) coincide.
5. Proof of Theorem 1.5
Let p be a prime and, as in the previous sections, q a prime power. (The prime p may or may not divide the
prime power q although it will soon emerge that p - q is the most interesting case.) In this section we discuss
the p-primary equivariant reduced Euler characteristics of the Sp2n(Fq)-poset L
∗
2n(Fq) of nonzero totally isotropic
subspaces. As in Section 7, Zrp denotes the product Z × Zr−1p of one copy of the integers with r − 1 copies of the
p-adic integers.
Definition 5.1. [21, (1-5)] The rth, r ≥ 1, p-primary equivariant reduced Euler characteristic of the Sp2n(Fq)-poset
L∗2n(Fq) is the normalized sum
χ˜pr(Sp2n(Fq)) =
1
|Sp2n(Fq)|
∑
X∈Hom(Zrp ,Sp2n(Fq))
χ˜(CL∗2n(q)(X(Z× Zr−1p )))
of reduced Euler characteristics.
In this definition, where Zp denotes the ring of p-adic integers, the sum ranges over all commuting r-tuples
(X1, X2, . . . , Xr) of elements of Sp2n(Fq) such that the elements X2, . . . , Xr have p-power order. The first p-
primary equivariant reduced Euler characteristic is independent of p and agrees with the first equivariant reduced
Euler characteristic.
The rth p-primary equivariant unreduced Euler characteristic χpr(Sp2n(Fq)) agrees with the Euler characteristic
of the homotopy orbit space BL∗2n(Fq)hSp2n(Fq) computed in Morava K(r)-theory at p [8] [15, Remark 7.2] [21, 2-3,
5-1].
For r = 1, the p-primary equivariant reduced Euler characteristic and the equivariant reduced Euler characteristic
agree, χ˜p1(Sp2n(Fq)) = χ˜1(Sp2n(Fq)), and for r ≥ 1, as in Lemma 4.3,
(5.2) χ˜pr+1(Sp2n(Fq)) =
∑
[g]∈[Sp2n(Fq)p]
χ˜pr(CL∗2n(Fq)(g), CSp2n(Fq)(g)) (n ≥ 1)
where the sum runs over p-power order conjugacy classes in the symplectic group.
The rth p-primary generating function at q is the integral power series
(5.3) FSpr(p, q, x) = 1−
∑
n≥1
χ˜pr(Sp2n(Fq))x
n ∈ Z[[x]]
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associated to the sequence (−χ˜pr(Sp2n(Fq)))n≥1 of the negative of the p-primary equivariant reduced Euler charac-
teristics. We have FSp1(p, q, x) = FSp1(q, x) = 1 and, direcly from the definition and Lemma 4.2, FSpr(p, q, x) = 1
for all r ≥ 1 when p | q. Thus we now restrict to the case where p does not divide q.
Definition 5.4. [12, Definition 3.2][10, Definition, Chp 4, §1] Let f ∈ Fq[x] be a polynomial with f(0) 6= 0. The
order of f , ord(f), is the least positive integer e for which f(x) | xe − 1.
Let a and n be relatively prime integers. The multiplicative order of a modulo n, ordn(a), is the order of a in
the unit group (Z/nZ)× of the modulo n residue ring Z/nZ.
Definition 5.5. For every integer d ≥ 1, prime number p, and prime power q,
• IMd(p, q) is the number of Irreducible Monic p-power order polynomials p(x) of degree n over Fq with
p(0) 6= 0
• SRIM−d (p, q) is the number of Self-Reciprocal Irreducible Monic p-power order polynomials p(x) of even
degree 2d over Fq
• SRIM+d (p, q) is the number of unordered pairs {p(x), p∗(x)/p(0)} of irreducible monic p-power order poly-
nomials p(x) of degree d over Fq with p(0) 6= 0 and p(x) 6= p∗(x)/p(0)
In degree d = 1, in particular, IM1(p, q) = (q − 1)p, represented by the polynomials x − α with α in the Sylow
p-subgroup of the unit group F×q , and
SRIM+1 (p, q) =
{
1
2 ((q − 1)2 − 2) p = 2
1
2 ((q − 1)p − 1) p > 2
as x− α is fixed if and only if α2 = 1. In degrees d > 1
IMd(p, q) =
1
d
∑
n≥0
d=ordpn (q)
ϕ(pn) IMd(p, q) =
{
2 SRIM+d (p, q) d > 1 odd
2 SRIM+d (p, q) + SRIM
−
d/2(p, q) d > 1 even
where the first equation is from [16, §5].
Lemma 5.6. Assume p - q. Let D = ordp(q2) and let f ∈ Fq[x] be a self-reciprocal irreducible monic p-power order
polynomial of degree 2d for some d ≥ 1. Then
(1) qd ≡ −1 mod pj for some j ≥ 1
(2) D | d
(3) f(x) | (x(q2d−1)p − 1) and f(x) | (xqd+1 − 1)
(4) f(x) | (x(qd+1)p − 1)
Proof. Let f ∈ Fq[x] be a self-reciprocal irreducible monic p-power order polynomial of degree 2d, d ≥ 1. Then
p | ord(f) | q2d − 1 by [12, Corollary 3.4]. In other words, q2d ≡ 1 mod ord(f), q2d ≡ 1 mod p, and thus d
is a multiple of D. Moreover, f(x) | (x(q2d−1)p − 1) by [12, Lemma 3.6] as ord(f) | (q2d − 1)p, and f(x) |
(xq
d+1 − 1) by [13, Theorem 1.(i)]. But then f(x) | (x(qd+1)p − 1) by [12, Corollary 3.7] as f(x) is irreducible and
gcd(() (q2d − 1)p, qd + 1) = gcd(() (q2d − 1)p, (qd + 1)p) = gcd(() (qd − 1)p(qd + 1)p, (qd + 1)p) = (qd + 1)p.
The irreducible factors of x(q
d+1)p − 1 of degree ≥ 2 are the irreducible factors of the cyclotomic polynomials
Φpj (x) where j ≥ 1 and pj | qd + 1. Thus qd ≡ −1 mod pj for some j ≥ 1. 
Lemma 5.7. Assume p - q and d ≥ 1. Each irreducible monic factor f ∈ Fq[x] of x(qn+1)p − 1, n ≥ 1, of degree
2d ≥ 2 is self-reciprocal, has p-power order, and d | n with n/d odd where deg(f) = 2d.
Proof. Suppose f(x) | (x(qn+1)p − 1). Then f(0) 6= 0 and f(x) has p-power order by [12, Lemma 3.6]. Since f is
irreducible of degree deg(f) ≥ 2 and f(x) | x(qn+1)p − 1 | xqn+1− 1, f(x) is self-reciprocal and d = 12 deg(f) divides
n with odd quotient n/d by [13, Theorem 1.(ii)]. 
Corollary 5.8. Assume p - q. The p-power order self-reciprocal irreducible monic polynomials of degree ≥ 2 are
precisely the irreducible factors of degree ≥ 2 of the polynomials x(qn+1)p − 1 ∈ Fq[x], n ≥ 1.
The irreducible factors of x(q
n+1)p − 1 ∈ Fq[x] are known [12, Theorem 2.45], of course. For any integer n ≥ 1,
x(q
n+1)p − 1 = (x− 1)
∏
pj |(qn+1)
Φpj (x), Φp(x) = x
p−1 + · · ·+ x+ 1, Φpj (x) = Φp(xp
j−1
), j ≥ 2
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where the cyclotomic polynomial Φpj (x) ∈ Fq[x], j ≥ 1, of degree ϕ(pj) factors into ϕ(pj)/ ordpj (q) distinct
irreducible monic polynomials of the same degree, ordpj (q) [12, Theorem 2.47]. We conclude that
(5.9) SRIM−d (p, q) =
1
2d
∑
m|Md(p,q)
ordm(q)=2d
ϕ(m), Md(p, q) = max{(qn + 1)p | n ≥ 1, ord(qn+1)p(q) = 2d}
for all d ≥ 1.
• Self-reciprocal irreducible monic p-power order polynomials of degree ≥ 2 in Fq[x] are the irreducible factors
of degree ≥ 2 of the cyclotomic polynomials Φpj , where j ≥ 1 and pj | (qn + 1) for some n ≥ 1
• Irreducible monic p-power order polynomials of degree ≥ 2 in Fq[x] are the irreducible factors of degree ≥ 2
of the cyclotomic polynomials Φpj , j ≥ 1
For all pairs (p, q), where p is a prime, q is a prime power, and p - q, and for all r ≥ 1, the p-primary analogue
of (4.8),
(5.10) FSpr+1(p, q)(x) =
{
FSpr(p, q)(x)
2TSRIM−(p,q)(FGL
−
r (p, q, x))TSRIM+(p,q)(FGL
+
r (p, q, x)) p = 2
FSpr(p, q)(x)TSRIM−(p,q)(FGL
−
r (p, q, x))TSRIM+(p,q)(FGL
+
r (p, q, x)) p > 2
is a consequence of recurrence (5.2). Note here that a semisimple g ∈ Sp2n(Fq) has p-power order if and only if
all the irreducible factors in its characteristic polynomial, described in Proposition 3.6, have p-power order. This is
because multiplication by x in the Fq[x]-module Fq[x]/(r(x)), where r(x) is irreducible with r(0) 6= 0, has p-power
order if and only if r(x) has p-power order by [12, Lemma 3.5]. Also note that in Proposition 3.6 with odd q, the
polynomial (x+ 1) has even order and is therefore allowed only when p = 2.
The proof of Theorem 1.5 consists in verifying that the solution to recurrence (5.10) satisfies the infinite product
expansion
FSpr(p, q, x) =
∏
n≥1
(1− xn)cr(p,q,n) cr(p, q, n) = 1
2n
∑
d|n
µ(n/d)((qd − 1)r−1p − (qd + 1)r−1p )
Since the infinite product expansions of FGL±r (p, q, x) are [16, §1] [17, §1]
FGL+r (p, q, x) =
∏
n≥1
(1− xn)a+r (p,q,n) a+r (p, q, n) =
1
n
∑
d|n
µ(n/d)(qd − 1)r−1p
FGL−r (p, q, x) =
∏
n≥1
(1− xn)a−r (p,q,n) a−r (p, q, n) =
1
n
∑
d|n
(−1)dµ(n/d)(qd − (−1)d)r−1p
and [16, (3.2)]
TSRIM±(p,q) FGL
±
r (p, q, x) =
∏
n,d≥1
(1− xnd)a±r (n,p,q) SRIM±d (p,q)
we must show that
(5.11) cr+1(p, q,N) =
{
2cr(p, q,N) +
∑
N=nd a
−
r (p, q, n) SRIM
−
d (p, q) +
∑
N=nd a
+
r (p, q, n) SRIM
+
d (p, q) p = 2
cr(p, q,N) +
∑
N=nd a
−
r (p, q, n) SRIM
−
d (p, q) +
∑
N=nd a
+
r (p, q, n) SRIM
+
d (p, q) p > 2
for all N ≥ 1 and all r ≥ 0. This task is simplified by the following observation similar to [16, Lemma 5.5].
We say that the two prime powers prime to p are in the same p-class if they generate the same closed subgroup
of the topological unit Z×p . More concretely, if we let
νp(q) =
{
(q mod 8, ν2(q
2 − 1)) p = 2
(ordp(q), νp(q
ordp(q) − 1)) p > 2
then q1 and q2 are in the same p-class, 〈q1〉 = 〈q2〉 ≤ Z×p , if and only if νp(q1) = νp(q2) [3, §3].
The next lemma is imilar to [16, Lemma 5.5].
Lemma 5.12. The sequences (SRIM±d (p, q))d≥1 depend only on closure 〈q〉 of the subgroup generated by q in the
topological unit group Z×p .
For fixed r ≥ 1, we know from [16, Corollary 5.8] and [17] that the p-primary generating functions FGL±r (p, q, x)
only depend on the p-class of q. Thus (5.10) implies that this holds also for the generating function FSpr(p, q, x).
Thus it suffices to verify (5.11) for all primes p and for all p-classes of prime powers q prime to p.
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5.1. The case p = 2. The 2-equivalence classes of odd prime powers are represented by the 2-adic units q = ±32e ,
e ≥ 0 [3, Lemma 1.11.(b)] with
ν2(±32e) =
{
(±3, 3) e = 0
(±1, 3 + e) e > 0
According to Lemma 5.12, it suffices to show that (5.11) holds for all n ≥ 1 and r ≥ 0 for q = ±32e when p = 2.
Below is a detailed argument in case q = 3; the other cases are similar and details are left out.
Proposition 5.13. Equation (5.11) holds for all N ≥ 1 and all r ≥ 0 when p = 2 and q = 32e , e ≥ 0.
Proof. Consider first the case q = 3. For any d ≥ 1,
ν2(3
d + 1) =
{
2 d odd
1 d even
ν2(3
d − 1) =
{
1 d odd
2 + ν2(d) d even
ν2(3
d − (−1)d) = 2 + ν2(d)
and Lemma 5.6 shows that x2 + 1 is the only self-reciprocal irreducible monic 2-power order polynomial in F3[x] of
degree ≥ 2 as such a polynomial must divide x2 − 1 = (x− 1)(x+ 1) or x4 − 1 = (x2 + 1)(x+ 1)(x− 1). For d ≥ 1,
IMd(2, 3) =
{
2 d = 1, 4, 8, . . .
3 d = 2
SRIM−d (2, 3) =
{
1 d = 1
0 otherwise
SRIM+d (2, 3) =
{
0 d = 1
1 d = 2, 4, 8, . . .
We must show that Equation (5.11), which in this particular case becomes,
(5.14) cr+1(2, 3, N) = 2cr(2, 3, N) + a
−
r (2, 3, N) +
∑
1≤j≤ν2(N)
a+r (2, 3
2j , N/2j)
holds for all N ≥ 1 and r ≥ 0: By inspection, Equation (5.14) is satisfied when N = 1, 2. When N ≥ 3 is odd,
a+r (N, 2, 3) = 0, a
−
r (N, 2, 3) = 0, cr(N, 2, 3) = 0, as the terms (3
d − 1)2 = 2 and (3d + 1)2 = 4 are independent
of d | N . (Write 1 and s for the arithmetic functions 1(n) = 1 and s(n) = (−1)n, n ≥ 1. Then s = a ∗ 1 where
a(1) = −1, a(2) = 2, and a(n) = 0 for n ≥ 3. Thus ∑d|N (−1)dµ(N/d) = (s∗µ)(N) = (a∗1∗µ)(N) = a(N) = 0 for
N ≥ 3.) Indeed, a+r (2jN, 2, 3) = 0, a−r (2jN, 2, 3) = 0, cr(2jN, 2, 3) = 0 for all j ≥ 0. Thus we only need to consider
2-powers N = 2m where m ≥ 2. In this case, since µ(N/d) = 1,−1 for d = 2m, 2m−1 and µ(N/d) = 0 otherwise, we
have
2mcr+1(2, 3, 2
m) =
1
2
((32
m − 1)r2 − (32
m
+ 1)r2 − (32
m−1 − 1)r2 + (32
m−1
+ 1)r2)
=
1
2
((32
m − 1)r2 − (32
m−1 − 1)r2)
2m · 2cr(2, 3, 2m) = (32m − 1)r−12 − (32
m
+ 1)r−12 − (32
m−1 − 1)r−12 + (32
m−1
+ 1)r−12
= (32
m − 1)r−12 − (32
m−1 − 1)r−12
2ma−r (2, 3, 2
m) = (32
m − 1)r−12 − (32
m−1 − 1)r−12
2m
∑
1≤j≤m
a+r (2, 3
2j , 2m−j) = 2ma+r (2, 3
2m , 1) + 2m
∑
1≤j≤m−1
a+r (2, 3
2j , 2m−j)
= 2m(32
m − 1)r−12 +
∑
1≤j≤m−1
2j((32
m − 1)r−12 − (32
m−1 − 1)r−12 )
= 2m(32
m − 1)r−12 + (2m − 2)((32
m − 1)r−12 − (32
m−1 − 1)r−12 )
From this we see that the left side of (5.14) multiplied by 2m,
1
2
((32
m − 1)r2 − (32
m−1 − 1)r2) =
1
2
((32
m − 1)2(32m − 1)r−12 − (32
m−1 − 1)2(32m−1 − 1)r−12 )
= 2m+1(32
m − 1)r−12 − 2m(32
m−1 − 1)r−12
equals the right side of (5.14) multiplied by 2m. Thus (5.14) holds for all N .
When q = 32
e
with e > 0, ν2(q
n+1) = ν2(q
2n−1)−ν2(qn−1) = ν2(2n)−ν2(n) = 1 for all n ≥ 1 and Lemma 5.6
shows that there are no self-reciprocal irreducible monic 2-power order polynomials of degree ≥ 2 in Fq[x] as they
must divide x2 − 1. For d ≥ 1,
IMd(2, q) =
{
22+e d = 1
21+e d = 2, 4, 8, . . .
SRIM−d (2, q) = 0 SRIM
+
d (2, q) =
{
21+e − 1 d = 1
2e d = 2, 4, 8, . . .
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We must show that Equation (5.11), which in this particular case becomes,
cr+1(2, 3
2e , N) = 2cr(2, 3
2e , N) + (2e − 1)a+r (2, 32
e
, N) + 2e
∑
0≤j≤ν2(N)
a+r (2, 3
e+j , N/2j)
holds for all N ≥ 1 and r ≥ 0. The detailed argument is omitted, however, since it is very similar to the proof of
Equation (5.14). 
Proposition 5.15. Equation (5.11) holds for all N ≥ 1 and r ≥ 0 when p = 2 and q = −32e , e ≥ 0.
Proof. Let p = 2 and q = −3 (or q = 5). Since ν2(qn + 1) = 1 for all n ≥ 1 there are no self-reciprocal p-power
order polynomials with coefficients in Fq. We find that SRIM
−
≥1(2, q) = 0 and that SRIM
+
2d
(2, q) = 1 for all d ≥ 0.
Equation (5.11) in this case becomes
cr+1(2,−3, N) = 2cr(2,−3, N) +
∑
0≤j≤ν2(N)
a+r ((−3)2
j
, x2
j
, N/2j)
and its verification proceeds similarly to that of (5.14).
When q = −32e for some e > 0 (for e = 1, 2, 3, alternatives are q = 7, 47, 97) we find that ν2(qn + 1) is 1
if n is even and e + 2 if n is odd. We must take all irreducible monic factors of the cyclotomic polynomials
Φp2(x), . . . ,Φp2+e(x). Since ordpj (q) = 2 for 2 ≤ j ≤ 2 + e, the irreducible factors all have degree 2 and there
are 12 (ϕ(p
2) + · · · + ϕ(p2+e)) = 1 + · · · + 2e = 21+e − 1 of them. We conclude that SRIM−1 (2,−32
e
) = 21+e − 1,
SRIM−d (2,−32
e
) = 0 for d > 1, and SRIM+1 (2,−32
e
) = 0, SRIM+2j (2,−32
e
) = 2e for all j ≥ 1. Equation (5.11) in
this case becomes
cr+1(2,−32e , N) = 2cr(2,−32e , N) + (2e+1 − 1)a−r (2,−32
e
, N) + 2e
∑
1≤j≤ν2(N)
a+r (2, 3
2e+j , N/2j)
and its verification proceeds similarly to that of (5.14). 
Example 5.16. The values of the sequence cr+1(2
m, 2, 3),
cr+1(2, 3, 2
m) =

−2r−1(2r − 1) m = 0
(4r−1 + 2r−1)(2r − 1) m = 1
2(m+1)(r−1)(2r − 1) m ≥ 2
found in Proposition 5.13 leads to the product expansion
FSpr+1(2, 3, x) =
(
(1 + x)2
r−1 ∏
m≥1
(1− x2m)2(m+1)(r−1))2r−1
of the 2-primary generating function FSpr+1(2, 3, x) at q = 3. For small r,
FSpr(2, 3, x) =

1 + x− x2 − x3 − x4 + · · · r = 2
1 + 6x+ 3x2 − 52x3 − 123x4 + · · · r = 3
1 + 28x+ 266x2 + 140x3 − 16093x4 + · · · r = 4
1 + 120x+ 6180x2 + 165640x3 + 1812810x4 + · · · r = 5
For e > 0
cr+1(2, 3
2e , 2m) =
{
2r−1(2(e+1)r − 1) m = 0
2recr+1(2, 3, 2
m) m ≥ 1
so that
FSpr+1(2, 3
2e , x) = (1− x)2r−1(2re−1)( ∏
m≥0
(1− x2m)2(m+1)(r−1))2re(2r−1)
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The first cases with q = 32
e
for e > 0 are FSp1(3, 2
3e , x) = FSp1(3
2e , x) = 1 and
FSpr(2, 3
2, x) =

1− 3x+ x2 + 5x3 − 7x4 + · · · r = 2
1− 30x+ 387x2 − 2620x3 + 7557x4 + · · · r = 3
1− 252x+ 30730x2 − 2409708x3 + 136120355x4 + · · · r = 4
1− 2040x+ 2064420x2 − 1381529480x3 + 687673344330x4 + · · · r = 5
FSpr(2, 3
4, x) =

1− 7x+ 17x2 − 7x3 − 47x4 + · · · r = 2
1− 126x+ 7683x2 − 301308x3 + 8515077x4 + · · · r = 3
1− 2044x+ 2080778x2 − 1406543852x3 + 710224134179x4 + · · · r = 4
1− 32760x+ 536346660x2 − 5851180400520x3 + 47850868789739850x4 + · · · r = 5
FSpr(2, 3
8, x) =

1− 15x+ 97x2 − 335x3 + 545x4 + · · · r = 2
1− 510x+ 129027x2 − 21586940x3 + 2686400517x4 + · · · r = 3
1− 16380x+ 134086666x2 − 731397570540x3 + 2990679500390435x4 + · · · r = 4
1− 524280x+ 137430564900x2 − 24015899530362760x3 + 3147475739004150743370x4 + · · · r = 5
Here, 34 can be replaced by 17 and 38 by 97.
The first cases for q = −3 are FSp1(2,−3, x) = FSp1(−3, x) = 1 and
FSpr(2,−3, x) =

1− x− x2 + x3 − x4 + · · · r = 2
1− 6x+ 3x2 + 52x3 − 123x4 + · · · r = 2
1− 28x+ 266x2 − 140x3 − 16093x4 + · · · r = 4
1− 120x+ 6180x2 − 165640x3 + 1812810x4 + · · · r = 5
The first cases with q = −32e for e > 0 are FSp1(2,−32
e
, x) = FSp1(−32
e
, x) = 1 and
FSpr(2,−32, x) =

1 + 3x+ x2 − 5x3 − 7x4 + · · · r = 2
1 + 30x+ 387x2 + 2620x3 + 7557x4 + · · · r = 3
1 + 252x+ 30730x2 + 2409708x3 + 136120355x4 + · · · r = 4
1 + 2040x+ 2064420x2 + 1381529480x3 + 687673344330x4 + · · · r = 5
FSpr(2,−34, x) =

1 + 7x+ 17x2 + 7x3 − 47x4 + · · · r = 2
1 + 126x+ 7683x2 + 301308x3 + 8515077x4 + · · · r = 3
1 + 2044x+ 2080778x2 + 1406543852x3 + 710224134179x4 + · · · r = 5
1 + 32760x+ 536346660x2 + 5851180400520x3 + 47850868789739850x4 + · · · r = 5
FSpr(2,−38, x) =

1 + 15x+ 97x2 + 335x3 + 545x4 + · · · r = 2
1 + 510x+ 129027x2 + 21586940x3 + 2686400517x4 + · · · r = 3
1 + 16380x+ 134086666x2 + 731397570540x3 + 2990679500390435x4 + · · · r = 4
1 + 524280x+ 137430564900x2 + 24015899530362760x3 + 3147475739004150743370x4 + · · · r = 5
5.2. The case p odd. Fix an odd prime p. As in [16, §5.1], let g be an odd prime power generating (Z/pnZ)× for
all n ≥ 1. It suffices by [3, Lemma 1.11.(a)] to consider Equation (5.11) at prime powers of the form q = (gs)pe
where s divides p− 1 and e ≥ 0.
Proposition 5.17. Equation (5.11) holds for all N ≥ 1 and r ≥ 0 when q = upe where u = gp−1.
Proof. Since q ≡ 1 mod p we have νp(qn + 1) = 0 for all n ≥ 1. Then SRIM−d (p, q) = 0 for all d ≥ 1. SRIM+d (p, q) =
1
2 ((q − 1)p − 1) = 12 (pe+1 − 1) and, for d > 1, SRIM+pj (p, q) = 12 (p− 1)pe. As g is odd, recurrence (5.11) becomes
cr+1(p, q,N) = cr(p, q,N) +
1
2
(pe+1 − 1)ar(p, q,N) + 1
2
(p− 1)pe
∑
1≤j≤νp(N)
ar(p, q
pj , N/pj)
which is verified as above. 
Proposition 5.18. Equation (5.11) holds for all N ≥ 1 and r ≥ 0 when q = upe , e ≥ 0, where u = gs for s | (p−1)
and 1 ≤ s < p− 1.
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Proof. Suppose t = (p− 1)/2 is odd. Then IM1(p, q) = 0 and
IMtpj (p, q) =
{
2(1 + p+ · · ·+ pe) j = 0
2pe j > 0
Since the sequence IMd(p, q) is concentrated in odd degrees, the sequence SRIM
−
d (p, q) is the constant sequence 0
and SRIM+d (p, q) =
1
2 IMd(p, q). Recurrence (5.11), which in this case becomes,
cr+1(p, q,N) =

cr(N, p, q) + (1 + p+ · · ·+ pe)a+r (p, qt, N/t) + pe
∑
1≤j≤νp(N/t)
a+r (p, q
tpj , N/(tpj)) t | N
cr(p, q,N) t - N
is verified for all N ≥ 1 and r ≥ 0 as above.
Now suppose t = (p− 1)/s is even. Then
IMtpj (p, q) =
{
s(1 + p+ · · ·+ pe) j = 0
spe j > 0
SRIM−1
2 tp
j (p, q) = IMtpj (p, q) SRIM
+
d (p, q) = 0
and recurrence (5.11),
cr+1(p, q,N) =

cr(p, q,N) + s(1 + p+ · · ·+ pe)a−r (p, qt/2, 2N/t) + spe
∑
1≤j≤νp(2N/t)
a−r (p, q
tpj/2, 2N/(tpj)) t | 2N
cr(p, q,N) t - 2N
can be verified as above. 
Example 5.19. Let p = 3 and q = 43
e
for e ≥ 0 (for e = 1, 2, 3, alternatives are q = 19, 109, 163). Then
SRIM−3j (3, 4
3e) = 0 SRIM+3j (3, 4
3e) =
{
1
2 (3
1+e − 1) j = 0
3e j > 0
Recurrence (5.11) is
cr+1(3, 4
3e , N) = cr(3, 4
3e , N) +
1
2
(3e+1 − 1)a+r (3, 43
e
, N) + 3e
∑
1≤j≤ν3(N)
a+r (3, 4
3e+j , N/3j)
The first cases for q = 43
e
, e = 0, 1, 2, are FSp1(2, 4
3e , x) = FSp1(4
3e , x) = 1 and
FSpr(3, 4, x) =

1− x− x3 + x4 + · · · r = 2
1− 4x+ 6x2 − 16x3 + 49x4 + · · · r = 3
1− 13x+ 78x2 − 403x3 + 2236x4 + · · · r = 4
1− 40x+ 780x2 − 10960x3 + 134590x4 + · · · r = 5
FSpr(3, 4
3, x) =

1− 4x+ 6x2 − 7x3 + 13x4 + · · · r = 2
1− 40x+ 780x2 − 9988x3 + 95710x4 + · · · r = 3
1− 364x+ 66066x2 − 7975123x3 + 720619627x4 + · · · r = 4
1− 3280x+ 5377560x2 − 5875968040x3 + 4814102083180x4 + · · · r = 5
FSpr(3, 4
9, x) =

1− 13x+ 78x2 − 295x3 + 832x4 + · · · r = 2
1− 364x+ 66066x2 − 7972936x3 + 719823559x4 + · · · r = 3
1− 9841x+ 48417720x2 − 158794067653x3 + 390554638982833x4 + · · · r = 4
1− 265720x+ 35303426340x2 − 3126918620489920x3 + 207718860182330357770x4 + · · · r = 5
Let p = 3 and q = 23
e
, e ≥ 0. The nonzero numbers of self-reciprocal irreducible monic p-power order polynomials
of degree ≥ 2 are
SRIM−3j (3, 2
3e) = IM2·3j (3, 23
e
) =
{
1
2 (3
1+e − 1) j = 0
3e j > 0
SRIM+2·3j (p, q) =
1
2
(IM2·3j (p, q)− SRIM−3j (p, q)) = 0
Recurrence (5.11) is
cr+1(3, 2
3e , N) = cr(3, 2
3e , N) +
1
2
(3e+1 − 1)a−r (3, 23
e
, N) + 3e
∑
1≤j≤ν3(N)
a−r (3, 2
3e+j , N/3j)
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The first cases for q = 23
e
, e = 0, 1, 2, are FSp1(3, 2
3e , x) = 1 and
FSpr(3, 2, x) =

1 + x+ x3 + x4 + · · · r = 2
1 + 4x+ 6x2 + 16x3 + 49x4 + · · · r = 3
1 + 13x+ 78x2 + 403x3 + 2236x4 + · · · r = 4
1 + 40x+ 780x2 + 10960x3 + 134590x4 + · · · r = 5
FSpr(3, 2
3, x) =

1 + 4x+ 6x2 + 7x3 + 13x4 + · · · r = 2
1 + 40x+ 780x2 + 9988x3 + 95710x4 + · · · r = 3
1 + 364x+ 66066x2 + 7975123x3 + 720619627x4 + · · · r = 4
1 + 3280x+ 5377560x2 + 5875968040x3 + 4814102083180x4 + · · · r = 5
FSpr(3, 2
9, x) =

1 + 13x+ 78x2 + 295x3 + 832x4 + · · · r = 2
1 + 364x+ 66066x2 + 7972936x3 + 719823559x4 + · · · r = 3
1 + 9841x+ 48417720x2 + 158794067653x3 + 390554638982833x4 + · · · r = 4
1 + 265720x+ 35303426340x2 + 3126918620489920x3 + 207718860182330357770x4 + · · · r = 5
5.3. An alternative presentation of the p-primary equivariant reduced Euler characteristics. Consider
the power series
GSpn(p, q, x) =
∑
r≥0
χ˜pr+1(Sp2n(Fq))x
r
whose coefficients are the p-primary equivariant reduced Euler characteristics χ˜pr+1(Spn(Fq)) with fixed n and
varying r. Proceeding exactly as in Proposition 4.18, we get the following description.
Proposition 5.20. For any fixed n ≥ 1,
GSp2n(q, x) =
1
n!
∑
λ`n
T (λ)
2r(λ)
∑
ε∈{−1,+1}[λ]
∏
ε
1− U(λ, ε, q)px
where the the functions r(λ), T (λ), and U(λ, ε, q) are as in Proposition 4.18.
The first few cases of the generating functions GSp2n(p, q, x) for p = 2, q = ±32
e
of Proposition 5.20 are
GSp2(2, 3
2e , x) =
{
1
2
(
1
1−4x +
−1
1−2x
)
e = 0
1
2
(
1
1−2x +
−1
1−22+ex
)
e > 0
GSp2(2,−32
e
, x) = −GSp2(2, 32
e
, x)
2! GSp4(2,±32
e
, x) =
{
1
2
(
1
1−2x +
−1
1−8x
)
+ 14
(
1
1−16x +
−2
1−8x +
1
1−4x
)
e = 0
1
2
(
1
1−2x +
−1
1−23+ex
)
+ 14
(
1
1−4x +
−2
1−23+ex +
1
1−42+ex
)
e > 0
6. Polynomial identities for partitions
In this section we establish identities for the polynomials IMd(q), SDIM
±
d (q), and SRIM
±
d (q) counting the number
of irreducible monic polynomials, self-dual irreducible monic polynomials, and self-reciprocal irreducible monic
polynomials over Fq.
6.1. Terminology. A multiset λ is a base set B(λ) with a multiplicity function E(λ, b) defined for all elements b
from the base. We often represent the multiset as λ = {bE(λ,b) | b ∈ B(λ)}. Let E(λ) = {E(λ, b) | b ∈ B(λ)} be the
multiset of multiplicities for λ and r(λ) =
∑
b∈B(λ)E(λ, b) the cardinality of λ (or number of parts of λ). E(λ) is
a partition of r(λ) and
(
r(λ)
E(λ)
)
is the order of the permutation group of λ [20, p 16]. For instance, if λ = {1, 22, 3}
then B(λ) is the set {1, 2, 3}, E(λ) is the partition {12, 21} of r(λ) = 4, and the permutation group of λ has order(
r(λ)
E(λ)
)
=
(
4
1,1,2
)
= 12.
The base B(T ) =
⋃
iB(Ti) of a tuple T = (T1, . . . , Tt) of multisets Ti is the union of the bases of the components.
We say that the tuple T is odd if its base B(T ) contains only odd integers. For any b ∈ B(T ), E(T, b) is the sequence
of multiplicities of b in the components of T , E(T, b)i = E(Ti, b), 1 ≤ i ≤ t. Any zeros in this sequence must be
deleted.
For positive integers b and e, P (b) is the multiset of all partitions of b and P (b)e the set of all e-tuples of partitions
of b. For a multiset λ, P (λ) =
∏
b∈B(λ) P (b)
E(λ,b). An element of the set P (λ) is a r(λ)-tuple of partitions of the
base elements of λ.
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There is a bijection ∐
λ`n
P (E(λ))→Mn
between Mn and the disjoint union over all partitions λ of n of the sets P (E(λ)). For a partition λ ` n, the multiset
in Mn associated to the partition tuple T ((a, λ))a∈B(λ) ∈ P (E(λ)) under this bijection consists of all pairs of the
form (a, b)E(T (λ,a),b), a ∈ B(λ), b ∈ B(T (λ, a)). Let Mn(λ) be the image of P (E(λ)) under this bijection. Also, let
R(Mn(λ)) be the image of Mn(λ) under the involution of Mn induced by the reflection (m, d)→ (d,m).
Example 6.1. If λ = {13, 22} ` 7, then B(λ) = {1, 2}, E(λ) = P (3) × P (2), and M7(λ) and R(M7(λ)) are the
subsets
{{(1, 1), (1, 2), (2, 2)}, {(1, 3), (2, 2)}, {(1, 1)3, (2, 2)}, {(1, 1), (1, 2), (2, 1)2}, {(1, 3), (2, 1)2}, {(1, 1)3, (2, 1)2}}
{{(1, 1), (2, 1), (2, 2)}, {(3, 1), (2, 2)}, {(1, 1)3, (2, 2)}, {(1, 1), (2, 1), (1, 2)2}, {(3, 1), (1, 2)2}, {(1, 1)3, (1, 2)2}}
consisting of |E(λ)| = 6 multisets of pairs in M7. Observe that∑
µ∈R(M7(λ))
∏
{d|∃m : (m,d)∈B(µ)}
(
Sd(q)
[E(µ, (m, d)) : (m, d) ∈ B(µ)]
)
=
(
S1(q)
1, 1
)(
S2(q)
1
)
+
(
S1(q)
1
)(
S2(q)
1
)
+
(
S1(q)
3
)(
S2(q)
1
)
+
(
S1(q)
1, 1
)(
S2(q)
2
)
+
(
S1(q)
1
)(
S2(q)
2
)
+
(
S1(q)
3
)(
S2(q)
2
)
=
[(
S1(q)
3
)
+
(
S1(q)
1, 1
)
+
(
S1(q)
1
)][(
S2(q)
1
)
+
(
S2(q)
2
)]
=
∏
d∈B(λ)
∑
ρ`E(λ,d)
(
Sd(q)
E(ρ)
)
for any polynomial sequence S.
Lemma 6.2.
∑
λ`n
(
m
E(λ)
)
=
(−m
−n
)
for any rational polynomial m ∈ Q[q] and any positive integer n.
Proof. It suffices to prove the lemma in the case where m is a positive integer. The statement of the lemma is then
equivalent to ∑
λ`n
r(λ)≤m
(
m
E(λ)
)
=
(−m
−n
)
as
(
m
E(λ)
)
= 0 when λ has more than m parts.
A weakm-composition of n is anm-sequence, a = (a1, . . . , am), of nonnegative integers with sum a1+· · ·+am = n.
The number of weak m-compositions of n is
(
n+m−1
m−1
)
=
(−m
−n
)
[20, p 15]. There is a map Λ from the set of weak
m-compositions of n onto the set {λ ∈ P (n) | r(λ) ≤ m} of partitions of n with at most m parts. Λ takes the
weak m-composition a of n to the multiset Λ(a) = {ai | ai > 0} of the positive elements in a. The lemma follows
because the fibre Λ−1(Λ(a)) consists precisely of the
(
m
E(Λ(a))
)
permutations of the m-multiset {ai} consisting of all
elements of a [20, p 16]. 
Corollary 6.3. The TS-transforms of the power series (1± xk)ε, k ≥ 1, ε = ±1, are
TS(1− xk)−1 = 1 +
∑
n≥1
[∑
λ`n
∏
d∈B(λ)
( −Sd(q)
−E(λ, d)
)]
xkn TS(1− xk) = 1 +
∑
n≥1
[∑
λ`n
∏
d∈B(λ)
(
Sd(q)
−E(λ, d)
)]
xkn
TS(1 + x
k)−1 = 1 +
∑
n≥1
[∑
λ`n
∏
d∈B(λ)
(−Sd(q)
E(λ, d)
)]
xkn TS(1 + x
k) = 1 +
∑
n≥1
[∑
λ`n
∏
d∈B(λ)
(
Sd(q)
E(λ, d)
)]
xkn
for any polynomial sequence S = (Sd(q))d≥1.
Proof. The nth term of the TS-transform (Definition 4.7) of the constant sequence (1, 1, . . .) is
TS(1− x)−1(n) =
∑
λ`n
∑
µ∈R(Mn(λ))
∏
{d|∃m : (m,d)∈B(µ)}
(
Sd(q)
[E(µ, (m, d)) : (m, d) ∈ B(µ)]
)
where we used the set partition Mn =
∐
λ`nR(Mn(λ)) of the set Mn. Observe that∑
µ∈R(Mn(λ))
∏
{d|∃m : (m,d)∈B(µ)}
(
S(d)(q)
[E(µ, (m, d)) : (m, d) ∈ B(µ)]
)
=
∏
λ∈B(λ)
∑
ρ`E(λ,d)
(
Sd(q)
E(ρ)
)
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by construction of the set R(Mn(λ)) (cf Example 6.1) and recall from Lemma 6.2 that
∑
ρ`E(λ,d)
(
Sd(q)
E(ρ)
)
=
( −Sd(q)
−E(λ, d)
)
From these observations we get
(6.4)
∑
µ∈R(Mn(λ))
∏
{d|∃m : (m,d)∈B(µ)}
(
S(d)(q)
[E(µ, (m, d)) : (m, d) ∈ B(µ)]
)
=
∏
d∈B(λ)
( −Sd(q)
−E(λ, d)
)
proving the formula for TS(1− x)−1.
By construction of the subset R(Mn(λ)) it follows that∏
(m,d)∈B(µ)
(−1)mE(µ,(m,d)) = (−1)r(λ)
for all µ ∈Mn(λ). This explains the first equality of
∑
µ∈R(Mn(λ))
∏
{d|∃m : (m,d)∈B(µ)}
(
S(d)(q)
[E(µ, (m, d)) : (m, d) ∈ B(µ)]
) ∏
(m,d)∈B(µ)
(−1)mE(µ,(m,d)) =
(−1)r(λ)
∑
µ∈R(Mn(λ))
∏
{d|∃m : (m,d)∈B(µ)}
(
S(d)(q)
[E(µ, (m, d)) : (m, d) ∈ B(µ)]
)
=
(−1)r(λ)
∏
d∈B(λ)
( −Sd(q)
−E(λ, d)
)
=
∏
d∈B(λ)
(−1)E(λ,d)
( −Sd(q)
−E(λ, d)
)
=
∏
d∈B(λ)
(−Sd(q)
E(λ, d)
)
while the second equality is (6.4). This justifies the formula for TS(1 + x)
−1, the TS-transform of the alternating
sequence (−1,+1,−1,+1, . . .).
Next, we turn to TS(1 ± x). For λ ∈ P (n), a partition of n, let (1, λ) ∈ Mn be the corresponding element
(1, λ) = {(1, d)E(λ,d) | d ∈ B(λ)}. Only these elements of Mn contribute to TS(1±x). The nth element of TS(1±x)
is
TS(1± x)(n) =
∑
λ∈Pn
∏
d∈B(λ)
(
Sd(q)
E(λ, d)
)
(±1)
∑
d∈B(λ) E(λ,d) =
∑
λ∈Pn
∏
d∈B(λ)
(
Sd(q)
±E(λ, d)
)
in the notation of Definition 4.5.
Evidently the power series TS(1± xk)±1 equals the power series TS(1± x)±1 evaluated at xk for any k ≥ 1. 
6.2. The linear case. Based on the classical identity of Lemma 4.9,
(6.5) TIM(q)(1− x)ε =
∏
d≥1
(1− xd)ε IMd(q) =
(
1− qx
1− x
)ε
, ε = ±1
we give short and purely combinatorial proofs of two polynomial identities due to The´venaz.
Theorem 6.6. [22, Theorem A, Theorem B] For ε = ±1
1 +
∑
n≥1
[∑
λ`n
∏
d∈B(λ)
(
ε IMd(q)
−E(λ, d)
)]
xn =
(
1− qx
1− x
)ε
Proof. Use Corollary 6.3 to identify the left side of Equation (6.5). 
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The coefficient of xn on the right side of the identity of Theorem 6.6 is qn − qn−1 when ε = −1 and 1− q when
ε = +1. In particular, the theorem specializes to the polynomial identities(
ε IM1(q)
−1
)
=
{
q − 1 ε = −1
1− q ε = +1(
ε IM2(q)
−1
)
+
(
ε IM1(q)
−2
)
=
{
q2 − q ε = −1
1− q ε = +1(
ε IM3(q)
−1
)
+
(
ε IM2(q)
−1
)(
ε IM1(q)
−1
)
+
(
ε IM1(q)
−3
)
=
{
q3 − q2 ε = −1
1− q ε = +1(
ε IM4(q)
−1
)
+
(
ε IM3(q)
−1
)(
ε IM1(q)
−1
)
+
(
ε IM2(q)
−1
)(
ε IM1(q)
−2
)
+
(
ε IM2(q)
−2
)
+
(
ε IM1(q)
−4
)
=
{
q4 − q3 ε = −1
1− q ε = +1
at n = 1, 2, 3, 4.
6.3. The unitary case. Let SDIM−d (q) (SDIM
+
d (q)) be the number of self-dual irreducible monic polynomials
(pairs of non-self-dual irreducible monic polynomials) of degree d over Fq2 . Recall that SDIM
−
d (q) = 0 when d ≥ 2
is even [17, Corollary 3.13]. As in the linear case, the equality [17, Lemma 5.3]
(6.7) TSDIM−(q)(1− x)TSDIM+(q)(1− x2) =
1− qx
1 + x
leads to polynomial identities.
Theorem 6.8. For ε = ±1(
1 +
∑
n−≥1
[ ∑
λ−`n−
∏
d−∈B(λ−)
(
εSDIM−d−(q)
−E(λ−, d−)
)]
xn
−)(
1 +
∑
n+≥1
[ ∑
λ+`n+
∏
d+∈B(λ+)
(
εSDIM+d+(q)
−E(λ+, d+)
)]
x2n
+)
=
(
1− qx
1 + x
)ε
where SDIM−d (q) = 0 for all even d [17, Proposition 3.9].
Since the coefficient of xn in the power series
(
1+x
1−qx
)ε
is qn + qn−1 when ε = −1 and (−1)n(q+ 1) when ε = +1,
Theorem 6.8 states that∑
n−+2n+=n
n−,n+≥0
[ ∑
λ−`n−
∏
d−∈B(λ−)
(
εSDIM−d−(q)
−E(λ−, d−)
)][ ∑
λ+`n+
∏
d+∈B(λ+)
(
εSDIM+d+(q)
−E(λ+, d+)
)]
=
{
qn + qn−1 ε = −1
(−1)n(q + 1) ε = +1
for any integer n ≥ 1. In particular, for n = 1, 2, 3, 4, we have(
εSDIM−1 (q)
−1
)
=
{
q + 1 ε = −1
−(q + 1) ε = +1[(
εSDIM+1 (q)
−1
)]
+
[(
εSDIM−1 (q)
−2
)]
=
{
q2 + q ε = −1
q + 1 ε = +1[(
εSDIM−1 (q)
−1
)][(
ε SDIM+1 (q)
−1
)]
+
[(
εSDIM−3 (q)
−1
)
+
(
εSDIM−1 (q)
−3
)]
=
{
q3 + q2 ε = −1
−(q + 1) ε = +1[(
εSDIM+2 (q)
−1
)
+
(
εSDIM+1 (q)
−2
)]
+
[(
εSDIM−1 (q)
−2
)][(
ε SDIM+1 (q)
−1
)]
+
[(
εSDIM−3 (1)q
−1
)(
εSDIM−1 (q)
−1
)
+
(
εSDIM−1 (q)
−4
)]
=
{
q4 + q3 ε = −1
q + 1 ε = +1
leaving out all terms involving SDIM−d (q) with even d.
6.4. The symplectic case. The second identity of Lemma 4.10, TSRIM−(q)(1 + x)TSRIM+(q)(1 − x) = (1 − x)−1,
translates into the following theorem. (The first identity of Lemma 4.10 is, in view of Lemma 3.12, essentially
identical to (6.5) and will not yield anything new.)
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Theorem 6.9. For ε = ±1(
1 +
∑
n−≥1
[ ∑
λ−`n−
∏
d−∈B(λ−)
(
εSRIM−d−(q)
E(λ−, d−)
)]
xn
)(
1 +
∑
n+≥1
[ ∑
λ+`n+
∏
d+∈B(λ+)
(
εSRIM+d+(q)
−E(λ+, d+)
)]
xn
)
=
( 1
1− x
)ε
Since the coefficient of xn in
(
1
1−x
)ε
is 1 for ε = +1, and −1 when n = 1 and 0 when n > 1 for ε = −1,
Theorem 6.9 states that∑
n−+n+=n
n−,n+≥0
[ ∑
λ−`n−
∏
d−∈B(λ−)
(
SRIM−d−(q)
E(λ−, d−)
)][ ∑
λ+`n+
∏
d+∈B(λ+)
(
SRIM+d+(q)
−E(λ+, d+)
)]
= 1
∑
n−+n+=n
n−,n+≥0
[ ∑
λ−`n−
∏
d−∈B(λ−)
(−SRIM−d−(q)
E(λ−, d−)
)][ ∑
λ+`n+
∏
d+∈B(λ+)
(−SRIM+d+(q)
−E(λ+, d+)
)]
=
{
−1 n = 1
0 n > 1
for any integer n ≥ 1. In particular, (
SRIM+1 (q)
−1
)
+
(
SRIM−1 (q)
1
)
= 1(−SRIM+1 (q)
−1
)
+
(−SRIM−1 (q)
1
)
= −1
(
SRIM+2 (q)
−1
)
+
(
SRIM+1 (q)
−2
)
+
(
SRIM−1 (q)
1
)(
SRIM+1 (q)
−1
)
+
(
SRIM−2 (q)
1
)
+
(
SRIM−1 (q)
2
)
= 1(−SRIM+2 (q)
−1
)
+
(− SRIM+1 (q)
−2
)
+
(−SRIM−1 (q)
1
)(−SRIM+1 (q)
−1
)
+
(−SRIM−2 (q)
1
)
+
(−SRIM−1 (q)
2
)
= 0
(
SRIM+3 (q)
−1
)
+
(
SRIM+2 (q)
−1
)(
SRIM+1 (q)
−2
)
+
(
SRIM+1 (q)
−3
)
+
(
SRIM−1 (q)
1
)[(
SRIM+2 (q)
−1
)
+
(
SRIM+1 (q)
−2
)]
+[(
SRIM−2 (q)
1
)
+
(
SRIM+1 (q)
2
)](
SRIM+1 (q)
−1
)
+
(
SRIM−3 (q)
1
)
+
(
SRIM−2 (q)
1
)(
SRIM−1 (q)
2
)
+
(
SRIM−1 (q)
3
)
= 1(−SRIM+3 (q)
−1
)
+
(− SRIM+2 (q)
−1
)(−SRIM+1 (q)
−2
)
+
(−SRIM+1 (q)
−3
)
+(−SRIM−1 (q)
1
)[(−SRIM+2 (q)
−1
)
+
(−SRIM+1 (q)
−2
)]
+
[(−SRIM−2 (q)
1
)
+
(−SRIM+1 (q)
−2
)](−SRIM+1 (q)
−1
)
+(−SRIM−3 (q)
1
)
+
(−SRIM−2 (q)
1
)(−SRIM−1 (q)
2
)
+
(
SRIM−1 (q)
3
)
= 0
for n = 1, 2, 3.
6.5. Other polynomial identities. In this section we derive polynomial identities from the power series relations
(6.10) TSDIM−(q)
(1 + x
1− x
)
=
(1 + x)(1 + qx)
(1− x)(1− qx) TSRIM−(q)
(1 + x
1− x
)
=
{
1−x
1−qx q odd
1
1−qx q even
of [17, Corollary 3.10] and (4.11).
Lemma 6.11. The TS-transform of the power series
(
1+x
1−x
)ε
, ε = ±1, is
TS
(1 + x
1− x
)
= 1 +
∑
n≥1
[∑
λ`n
∏
d∈B(λ)
∑
1≤i≤E(λ,d)
2i
(
E(λ, d)− 1
ε(E(λ, d)− i)
)(
Sd(q)
εi
)]
xn
for any polynomial sequence (Sd(q))d≥1.
Proof. For all rational polynomials m ∈ Q[q] and all natural numbers n, let
T ε2 (m,n) = ε
n
∑
λ`n
2r(λ)
(
m
E(λ)
)
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The nth term in the TS-transform of the constant sequence (2ε
n)n≥1 is
∑
λ`n
∑
µ∈R(Mn(λ))
∏
{d|∃m : (m,d)∈B(µ)}
(
S(d)(q)
[E(µ, (m, d)) : (m, d) ∈ B(µ)]
) ∏
(m,d)∈B(µ)
2E(µ,(m,d))εmE(µ,(m,d)) =
∑
λ`n
εr(λ)
∑
µ∈R(Mn(λ))
2r(µ)
∏
{d|∃m : (m,d)∈B(µ)}
(
S(d)(q)
[E(µ, (m, d)) : (m, d) ∈ B(µ)]
)
=
∑
λ`n
εr(λ)
∏
d∈B(λ)
∑
ρ`E(λ,d)
2r(ρ)
(
Sd(q)
E(ρ)
)
=
∑
λ`n
∏
d∈B(λ)
εE(λ,d)
∑
ρ`E(λ,d)
2r(ρ)
(
Sd(q)
E(ρ)
)
=
∑
λ`n
∏
d∈B(λ)
T ε2 (Sd(q), E(λ, d))
where the second equality is by construction of R(Mn(λ)) (cf Example 6.1). A combinatorial exercise, involving
base change between the bases (xn) and
(
q
n
)
, reveals that the polynomials T ε2 (q, n) can be expressed as the linear
combination
(6.12) T ε2 (q, n) = ε
n
∑
1≤i≤n
2i
(
n− 1
i− 1
)(
q
i
)
=
∑
1≤i≤n
2i
(
n− 1
ε(n− i)
)(
q
εi
)
of the basis elements
(
q
n
)
, n ≥ 1, for the maximal ideal (q) ⊆ Q[q]. 
Theorem 6.13. For ε = ±1,
1 +
∑
n≥1
[∑
λ`n
∏
d∈B(λ)
∑
1≤i≤E(λ,d)
2i
(
E(λ, d)− 1
ε(E(λ, d)− i)
)(
SDIM−d (q)
εi
)]
xn =
( (1 + x)(1 + qx)
(1− x)(1− qx)
)ε
1 +
∑
n≥1
[∑
λ`n
∏
d∈B(λ)
∑
1≤i≤E(λ,d)
2i
(
E(λ, d)− 1
ε(E(λ, d)− i)
)(
SRIM−d (q)
εi
)]
xn =
{(
1−x
1−qx
)ε
q odd(
1
1−qx
)ε
q even
Comparing coefficients of xn on both sides of the equality signs of Theorem 6.13 shows that
∑
λ`n
∏
d∈B(λ)
∑
1≤i≤E(λ,d)
2i
(
E(λ, d)− 1
ε(E(λ, d)− i)
)(
SDIM−d (q)
εi
)
= εn(2qn + 4qn−1 + · · ·+ 4q + 2)
∑
λ`n
∏
d∈B(λ)
∑
1≤i≤E(λ,d)
2i
(
E(λ, d)− 1
ε(E(λ, d)− i)
)(
SRIM−d (q)
εi
)
q odd
=
{
1− q ε = −1
qn − qn−1 ε = +1
∑
λ`n
∏
d∈B(λ)
∑
1≤i≤E(λ,d)
2i
(
E(λ, d)− 1
ε(E(λ, d)− i)
)(
SRIM−d (q)
εi
)
q even
=
{
−δ1,nqn ε = −1
qn ε = +1
for all n ≥ 1. The left side is ∑λ`n∏d∈B(λ) T ε2 (SDIM−d (q), E(λ, d)) or ∑λ`n∏d∈B(λ) T ε2 (SRIM−d (q), E(λ, d)) in the
two last equations according to (6.12).
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As T ε2 (q, n) = ε2q, 2q
2, ε( 43q
3 + 23q),
2
3q
4 + 43q
2 for n = 1, 2, 3, 4 (and keeping in mind that SDIM−d (q) = 0 for all
even d [17, Proposition 3.9]) these polynomial identities specialize to
−2 SDIM−1 (q) = −(2q + 2)
2 SDIM−1 (q)
2 = 2q2 + 4q + 2
−2 SDIM−3 (q)−
4
3
SDIM−1 (q)
3 − 2
3
SDIM−1 (q) = −(2q3 + 4q2 + 4q + 2)
2
3
SDIM−1 (q)
4 +
4
3
SDIM−1 (q)
2 + (−2 SDIM−1 (q))(−2 SDIM−3 (q)) = 2q4 + 4q3 + 4q2 + 4q + 2
ε2 SRIM−1 (q) = ε(q − 1)
2 SRIM−1 (q)
2 + ε2 SRIM−2 (q) =
{
1− q ε = −1
q2 − q ε = +1
ε(
4
3
SRIM−1 (q)
3 +
2
3
SRIM−1 (q)) + 4 SRIM
−
1 (q) SRIM
−
3 (q) + ε2 SRIM
−
3 (q) =
{
1− q ε = −1
q3 − q2 ε = +1
2
3
SRIM−1 (q)
4 +
4
3
SRIM−1 (q)
2 + 2 SRIM−2 (q)
2 + ε4 SRIM−1 (q)
2 SRIM−2 (q) + 4 SRIM
−
1 (q) SRIM
−
3 (q) + ε2 SRIM
−
4 (q)
=
{
1− q ε = −1
q4 − q3 ε = +1
for n = 1, 2, 3, 4 and for odd q in the last four equations.
6.6. Master polynomial identities. The polynomials
a±r+1(q,D) =
1
D
∑
d|D
(±1)dµ(D/d)(qd − (±1)d)r a±r+1(p, q,D) =
1
D
∑
d|D
(±1)dµ(D/d)(qd − (±1)d)rp
were used in [16, 17] to describe the product expansions of the generating functions, FGL±r+1(q, x) = Ta±r+1(q)(1−x)
and FGL±r+1(p, q, x) = Ta±r+1(p,q)(1 − x), in the general linear and unitary cases. According to Corollary 6.3, we
have for ε = ±1 the polynomial identities
1 +
∑
n≥1
[∑
λ`n
∏
D∈B(λ)
(
εa±r+1(q,D))
−E(λ,D)
)]
xn =
∏
0≤j≤r
(1− (±1)r+1(±q)j)ε(−1)r−j(rj)
1 +
∑
n≥1
[∑
λ`n
∏
D∈B(λ)
(
εa±r+1(p, q,D))
−E(λ,D)
)]
xn = exp
(− ε∑
n≥1
(±1)n(qn − (±1)n)rp
xn
n
)
of which Theorem 6.6 is a special case as a+2 (q,D) = IMD(q). Similarly, in the symplectic case, with
cr+1(q,D) =
1
2n
∑
d|D
µ(D).((q
d − 1)r − (qd + 1)r) cr+1(p, q,D) = 1
2D
∑
d|D
µ(D).((q
d − 1)rp − (qd + 1)rp)
we have
1 +
∑
n≥1
[∑
λ`n
∏
D∈B(λ)
(
εcr+1(q,D))
−E(λ,D)
)]
xn =
∏
0≤j≤r
j 6≡r mod 2
(1− qjx)−ε(rj)
1 +
∑
n≥1
[∑
λ`n
∏
D∈B(λ)
(
εcr+1(p, q,D))
−E(λ,D)
)]
xn =
exp
(
ε
∑
n≥1
(qn + 1)rp
xn
2n
)
exp
(
ε
∑
n≥1
(qn − 1)rp
xn
2n
)
since Tcr+1(q)(1− x) = FSpr+1(q, x) and Tcr+1(p,q)(1− x) = FSpr+1(p, q, x) (Theorem 1.3, Theorem 1.5).
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In the unitary case with ε = +1, two of the above polynomial identities are∑
λ`n
∏
D∈B(λ)
(
a−r+1(q,D))
−E(λ,D)
)
=
1
n!
∑
λ`n
(−1)r(λ)T (λ)
∏
D∈[λ]
((−q)D − 1)r
∑
λ`n
∏
D∈B(λ)
(
a−r+1(p, q,D))
−E(λ,D)
)
=
1
n!
∑
λ`n
(−1)r(λ)T (λ)
∏
D∈[λ]
((−q)D − 1)rp
with the special cases(
a−r+1(q, 4)
−1
)
+
(
a−r+1(q, 3)
−1
)(
a−r+1(q, 1)
−1
)
+
(
a−r+1(q, 2)
−2
)
+
(
a−r+1(q, 2)
−1
)(
a−r+1(q, 1)
−2
)
+
(
a−r+1(q, 1)
−4
)
=
1
4!
(−6(q4 − 1)r + 8(q + 1)r(q3 + 1)r + 3(q2 − 1)2r + 6(q + 1)2r(q2 − 1)r − (q − 1)4r)
(
a−r+1(p, q, 4)
−1
)
+
(
a−r+1(p, q, 3)
−1
)(
a−r+1(p.q, 1)
−1
)
+
(
a−r+1(p, q, 2)
−2
)
+
(
a−r+1(p, q, 2)
−1
)(
a−r+1(p, q, 1)
−2
)
+
(
a−r+1(p, q, 1)
−4
)
=
1
4!
(−6(q4 − 1)rp + 8(q + 1)rp(q3 + 1)rp + 3(q2 − 1)2rp + 6(q + 1)2rp (q2 − 1)rp − (q − 1)4rp )
for n = 4 and all r ≥ 1.
In the symplectic case with ε = +1, one of the above polynomial identities is∑
λ`n
∏
D∈B(λ)
(
cr+1(q,D))
−E(λ,D)
)
=
1
n!
∑
λ`n
T (λ)
2r(λ)
∑
ε∈{−1,+1}[λ]
∏
ε
∏
i∈[λ]
(qi + ε(i))r
with the special case(
cr+1(q, 3)
−1
)
+
(
cr+1(q, 1)
−1
)(
cr+1(q, 2)
−1
)
+
(
cr+1(q, 1)
−3
)
=
1
6
((q3 + 1)r − (q3 − 1)r) + 1
8
((q + 1)r(q2 + 1)r − (q + 1)r(q2 − 1)r − (q − 1)r(q2 + 1)r + (q − 1)r(q2 − 1)r)
+
1
48
((q + 1)3r − 3(q − 1)r(q + 1)2r + 3(q − 1)2r(q + 1)r − (q + 1)3r)
for n = 3 and all r ≥ 1.
7. Eulerian functions of groups
Let G be a finite group acting on a finite poset Π. For any natural number r ≥ 1, the rth equivariant reduced
Euler characteristic and the p-primary rth equivariant reduced Euler characteristic are
χ˜r(Π, G) =
1
|G|
∑
X∈Hom(Zr,G)
χ˜(CΠ(X)) =
1
|G|
∑
B≤G
ϕZr (B)χ˜(CΠ(B))
χ˜pr(Π, G) =
1
|G|
∑
X∈Hom(Zr,G)
χ˜(CΠ(X)) =
1
|G|
∑
B≤G
ϕZrp (B)χ˜(CΠ(B))
where ϕZr (B) (ϕZrp (B)) is the number of epimorphisms of the abelian group Z
r (Z × Zr−1p ) onto the subgroup
B of G. In this section, we recall some of the properties, helpful for concrete computer assisted computations of
equivariant Euler characteristics, of the eulerian function ϕZr (B) [7].
For any finite group B, let Hom(Zr, B) and Epi(Zr, B) be the set of homomorphisms or epimorphisms of Zr to
B. Note that Hom(Zr, G) =
∐
A≤B Epi(Z
r, A). Let ϕZr (B) = |Epi(Zr, B)| stand for the number of epimorphisms
of Zr onto B. (When r = 1 and Cn is cyclic of order n, ϕ1(Cn) is Euler’s totient function ϕ(n).)
We show first that ϕZr is multiplicative.
Lemma 7.1. Let B1 and B2 be two finite groups of coprime order. For any subgroup A of B1 ×B2, A = A1 ×A2
where Ai is the image of A under the projection B1 ×B2 → Bi, i = 1, 2.
Proof. Let gi be the order of Bi, i = 1, 2. The order of A, which divides g1g2, is of the form k1k2 where k1 divides
g1 and k2 divides g2. The order of Ai divides k1k2 and gi. Thus |Ai| divides ki. It follows that the order of A1×A2
divides the order of A. But A is a subgroup of A1 ×A2 so |A| = |A1 ×A2| and A = A1 ×A2. 
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It follows that ϕ(Zr) = ϕ1(Z
r)× ϕ2(Zr) for any homomorphism ϕ : Zr → B1 ×B2. Thus we see that
ϕr(B1 ×B2) = ϕr(B1)× ϕr(B2)
when the groups B1 and B2 have coprime orders.
Next, we compute ϕZr (C
d
p ) where C
d
p is elementary abelian of order p
d. First, Epi(Zr, Cdp ) = Epi(C
r
p , C
d
p ), the
set of epimorphisms of Crp onto C
d
p . Next, note that there is a bijection between the orbit set Epi(C
r
p , C
d
p )/Aut(C
d
p )
and the set of (r− d)-dimensional subspaces of Frp (kernels of epimorphisms). The number of such subspaces is the
Gaussian binomial coefficient
(
r
r−d
)
p
=
(
r
d
)
p
. Thus
(7.2) Epi(Zr, Cdp ) =
(
r
d
)
p
|GL+d (Fp)| =
d−1∏
j=0
(pr − pj)
In the general case, the number of homomorphism of Zr to B is
|Hom(Zr, B)| =
∑
A≤B
|Epi(Zr, A)| =
∑
A≤G
|Epi(Zr, A)|ζ(A,B)
and the number of epimorphism of Zr onto B is
ϕZr (B) = |Epi(Zr, B)| =
∑
A≤G
|Hom(Zr, A)|µ(A,B)
by Mo¨bius inversion. Of course, ϕZr (B) > 0 if and only if B is abelian and generated by r of its elements. Assuming
B is abelian, |Hom(Zr, A)| = |A|r for any A ≤ B so that [7, 5, 25]
ϕZr (B) = |Epi(Zr, B)| =
∑
A≤B
|A|rµ(A,B)
The Mo¨bius function µ(A,B) = 0 unless Φ(B) ≤ A ≤ B and then µB(A,B) = µB/Φ(B)(A/Φ(B), B/Φ(B)) where
Φ(B) is the Frattini subgroup [5]. Therefore
ϕZr (B) =
∑
A≤B
|A|rµB(A,B) = |Φ(B)|r
∑
A≤B/Φ(B)
|A|rµB/Φ(B)(A,B/Φ(B)) = |Φ(B)|rϕZr (B/Φ(B))
The abelian group B is the product, B =
∏
Bp, of its Sylow p-subgroups, Bp. By multiplicativity,
ϕZr (B) =
∏
p
ϕZr (Bp)
The Frattini quotient Bp/Φ(Bp) is an elementary abelian p-group of order, say, p
d. We conclude that
ϕZr (Bp) = |Φ(Bp)|r|Epi(Zr, Cdp )|
(7.2)
= |Φ(Bp)|r
d−1∏
j=0
(pr − pj) = |Bp|r
d−1∏
j=0
(1− pj−r)
For the final equality, use that if Bp has order p
m, then the order of the Frattini subgroup is pm−d so that
|Φ(Bp)|r = pr(m−d).
For a prime p, put Zrp = Z× Zr−1p where Zp is the ring of p-adic integers. In particular, Z1p = Z is independent
of p. The number of epimorphisms of Zrp onto B is
ϕZrp (B) = ϕZrp (
∏
s
Bs) =
∏
s
ϕZrp (Bs) = ϕZr (Bp)
∏
s 6=p
ϕZ(Bs)
where Bs is the Sylow s-subgroup of B. Here, ϕZ(Bs) = |Bs|(1 − p−1) if Bs is cyclic and ϕZ(Bs) = 0 otherwise.
Thus ϕZrq (B) > 0 if and only if Bq can be generated by r of its elements and Bs is cyclic for all primes s 6= q.
The numbers of conjugacy classes of r-tuples of commuting elements of G and commuting p-power order elements
are
|Hom(Zr, G)/G| = |Hom(Zr+1, G)|/|G|, |Hom(Zrp, G)/G| = |Hom(Zr+1p , G)|/|G| (r ≥ 0)
as |Hom(K,G)/G| = |Hom(Z×K,G)|/|G| for any finite group K [8, Lemma 4.13].
26 JESPER M. MØLLER
8. Tables
−χr(Sp2n(F2)) n = 1 n = 2 n = 3 n = 4 n = 5 n = 6
r = 1 0 0 0 0 0 0
r = 2 1 1 1 1 1 1
r = 3 4 12 32 80 192 448
r = 4 13 109 749 4589 26093 140781
r = 5 40 936 16800 256560 3513600 44494080
r = 6 121 8041 389481 15400041 527938665 16278881385
−χr(Sp2n(F3)) n = 1 n = 2 n = 3 n = 4 n = 5 n = 6
r = 1 0 0 0 0 0 0
r = 2 1 1 1 1 1 1
r = 3 6 27 108 405 1458 5103
r = 4 28 514 7804 106219 1346248 16226596
r = 5 120 8676 491400 24041610 1066429800 44094600180
r = 6 496 139816 29562256 5224955716 816420985840 116586229927960
−χr(Sp2n(F4)) n = 1 n = 2 n = 3 n = 4 n = 5 n = 6
r = 1 0 0 0 0 0 0
r = 2 1 1 1 1 1 1
r = 3 8 48 256 1280 6144 28672
r = 4 49 1585 42545 1025585 23045681 492807729
r = 5 272 45216 5940480 677978880 70418423808 6835554041856
r = 6 1441 1203361 764615841 410406231201 196268231892129 86283262028029089
−χr(Sp2n(F5)) n = 1 n = 2 n = 3 n = 4 n = 5 n = 6
r = 1 0 0 0 0 0 0
r = 2 1 1 1 1 1 1
r = 3 10 75 500 3125 18750 109375
r = 4 76 3826 160076 6019451 211097576 7047035076
r = 5 520 166500 42315000 9366506250 1890050175000 356851651312500
r = 6 3376 6678376 10127303376 13039947615876 15014390064803376 15934300493580428376
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